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Abstract: Hub facilities serve as transshipment and switching points in transportation and 
telecommunication networks. This paper deals with the uncapacitated single allocation p-hub 
median problem (USApHMP), which is a well known NP-hard problem. Few studies applied 
simulated annealing (SA), tabu search (TS), and genetic algorithm (GA) to solve the problem 
in the past decades. A threshold accepting (TA) algorithm is proposed for solving the 
USApHMP. The numerical experiments were carried out on two sets of benchmark instances, 
CAB and AP, from the literature. The results show that our TA algorithm is efficient and 
competitive with other approaches. TA can obtain all the optimal solutions in the CAB data 
set and update two best-known solutions of large instances in the AP data set. 
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1. INTRODUCTION 
 
The hub-and-spoke networks are used in telecommunication, transportation and postal 
delivery systems. Instead of providing direct links to every origin-destination pair, the hubs 
serve as trans-shipment points or switching points for flows between non-hub nodes. Flows 
departing from an origin are collected in a hub, transported between hubs if necessary, and 
finally distributed to a destination node by combining with flows that have different origins 
but the same destinations.  The hub facilities consolidate flows in order to take advantage of 
economies of scale in transportation rate between hubs.  
 
Hub location problem deals with locating hub facilities and assigning of non-hub nodes to 
hubs in order to route the traffic between origin-destination pairs. Each non-hub node can be 
allocated either to one (single allocation) or to more hubs (multiple allocation). If the number 
of hubs is pre-determined to p, it is called p-hub location problem. There are several kinds of 
hub location problems based on particular characteristics of the problem. Alumur and Kara 
(2008) provided a good survey on different hub location problems.  
   
This paper deals with the uncapacitated single allocation p-hub median problem 
(USApHMP). The objective is to minimize the overall transportation cost in a network with n 
demand nodes and the following  assumptions: the number of hubs is pre-determined (p), no 
capacities on nodes or arcs, each non-hub node is assigned to a single hub, a discount factor 
for using inter-hub connection, no direct service between two non-hub nodes is allowed. The 
p-hub median location problem is a NP-hard problem. Moreover, even if the hubs are located, 
the problem of allocating non-hub nodes to hubs is an NP-hard problem (Love et al., 1988). 
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O’Kelly (1987) presented a quadratic integer programming formulation for the single 
allocation p-hub median problem and proposed two heuristic methods to solve the problem. 
Both heuristics enumerate all possible choices of p hub locations. In the first one (HEUR1) 
non-hub nodes are assigned to the nearest hub while in the second heuristic (HEUR2) non-
hub nodes are allocated to the first and second nearest hubs. He observed that HEUR1 does 
not necessarily give optimal solutions for the hub location problem. Aykin (1990) thus 
formulated the difference in the objective function if a non-hub node is assigned to different 
hub and defined a procedure to find the optimal allocation of non-hub to a given set of hubs. 
 
Klincewicz (1991) developed several heuristics based on local improvement considering both 
the single and double exchange procedures and clustering of nodes. Then, Klincewicz (1992) 
presented a tabu search (TS) and a greedy randomized adaptive search procedure (GRASP) 
heuristic where non-hub nodes are assigned to the nearest hub. Skorin-Kapov and Skorin-
Kapov (1994) computed the results of CAB data set by tabu search and compared with the 
heuristics of O’Kelly (1987) and TS of Klincewicz (1992). Their results were superior but 
required longer computational time. Campbell (1994) produced a mixed integer linear 
programming (LP) formulation for four types of discrete hub location problems, the p-hub 
median problem, the uncapacitated hub location problem, p-hub center problems and hub 
covering problems, which extend the hub location problem to consider more reality situations. 
Skorin-Kapov et al. (1996) modified Campbell (1994) formulation with tighter mixed integer 
linear programming relaxations. They computed the result of uncapacitated multiple 
allocation p-hub location problem (UMApHLP). The results were not guaranteed to obtain all 
integral solutions, but the objective function value is less than 1% below the optimal value 
which is obtained by using CPLEX.  
 
Campbell (1996) proposed two new heuristics, MAXFLO and ALLFLO, for the single 
allocation p-hub median problem based on the multiple allocation p-hub median solutions. In 
these two heuristics, the allocations are done according to different rules but location 
decisions are the same. O’Kelly et al. (1996) modified the LP model of Skorin-Kapov et al. 
(1996) by assuming a symmetric flow data and further reducing the problem size. The 
formulation can find integer solutions most of the time. They also provided the sensitivity 
analysis of the solution in terms of number of hubs and hub locations to the inter-hub discount 
factor α. Smith et al. (1996) mapped the SApHMP onto a modified Hopfield neural network 
using O’Kelly (1987) quadratic integer programming formulation. A practical postal delivery 
network is used to demonstrate that the quality of these Hopfield network solutions compares 
favorably to those obtained using both exact method and simulated annealing. 
 
Ernst and Krishnamoorthy (1996) provided a new linear integer programming formulation 
where the inter-hub flow is transformed as a multicommodity flow problem. The problem size 
from the Skorin-Kapov et al. (1996) formulation is reduced by a factor of approximately n. 
They developed a branch and bound method to solve the problem and also demonstrated that 
the simulated annealing (SA) algorithm can obtain the upper bounds to improve the general 
branch and bound method. The SA is also showed its comparability with the TS of Skorin-
Kapov and Skorin-Kapov (1994) in terms of solution quality and computational time. 
However, they cannot solve any problem with more than 50 nodes.  
 
Sohn and Park (1997) provided a linear programming formulation for single allocation two-
hub median problem and transformed the problem into a minimum cut problem. They showed 
that the two-hub location problem can be solved in polynomial time. Sohn and Park (1998) 
presented a further reduction of Skorin-Kapov el al. (1996) formulation for a model with 
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fixed hub locations when the unit transportation cost is symmetric and proportional to the 
distance. Sohn and Park (2000) extended the two-hub location problem to a three-hub 
location problem. They transformed the three-hub location problem into a three-terminal cut 
problem and showed that this is a NP-hard problem.   
 
Ernst and Krishnamoorthy (1998) proposed another branch-and-bound approach which solved 
shortest-path problems for each origin-destination pair to obtain lower bounds. They solved 
the largest single allocation problem to date with this algorithm with 100 nodes and with p = 2 
and 3 in approximately 228 and 2629 seconds, respectively. Pirkul and Shcilling (1998) 
developed a Lagrangian relaxation method based on the Skorin-Kapov et al. (1996) 
formulation. They used subgradient optimization on the Lagrangian relaxation of the model 
and provided a cut constraint for one of the subproblems. In computational experiments on 
eighty-four standard test problems, average gaps are 0.048% and the maximum gaps are 
under 1%. 
 
Ebery (2001) optimized the new proposed formulas with two or three hubs using CPLEX, and 
also claimed that such a formula has the potential to solve even larger problems due to 
utilizing only O(n2) variables and O(n2) constrains. Abdinnour-helm (2001) discussed the 
solution quality by using the simulated annealing method to solve USApHMP and compared 
with the MAXFLO, ALLFLO, and tabu search. However, their results were not as good as 
those obtained by Ernst and Krishnamoorthy (1996). 
 
Pérez et al. (2007) presented a hybrid algorithm that merges the variable neighbourhood 
search (VNS) and the path-relinking (PR) paradigms. Both VNS and PR use systematic 
neighbourhood-based strategies to explore the feasible region and yield adequate results even 
with large-sized problems. Their computational results showed that the proposed hybrid 
algorithm constitutes an efficient alternative for solving the p-hub median problem. Kratica et 
al. (2007) constructed two genetic algorithms (GAs) for the USApHMP. The numerical 
experiments showed that the GAs can solve the problem with up to 200 nodes and 20 hubs. 
 
The remainder of this paper is organized as follows. In Section 2 we introduce the 
mathematical formulations for the problem. The proposed threshold accepting algorithm is 
described in Section 3. Computational results of two benchmark sets of instances and 
comparisons with other heuristic algorithms are provided in Section 4. We conclude with 
directions for further research in Section 5. 
 
 
2. MATHEMATICAL FORMULATIONS 
 
2.1 Notations 
The following notations are used through out the paper. 
Parameters 
Cijkl: the transportation cost of a unit of flow from node i to node j routed via hubs k and l, 

(Cijkl = λdik + αdkl + δdjl) 
dij: the distance between nodes i and j 
Wij: the flow between nodes i and j 
α: the unit flow costs for transfer 
λ: the unit flow costs for collection  
δ: the unit flow costs for distribution 
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2.2 The Model 
In this paper, we adopt the mathematical formulation presented by Skorin-Kapov et al. 
(1996). The mixed integer formulation is as follows. 
 

Min. ijkl
Ii Ij Ik Il

ijijkl XWC∑∑∑∑
∈ ∈ ∈ ∈

 (1)
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∈
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 kkik ZZ ≤  Iki ∈∀ ,  (4)
 

ik
Il
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∈

 Ikji ∈∀ ,,  (5)

 
jl

Ik
ijkl ZX =∑

∈

 Ilji ∈∀ ,,  (6)

 }1,0{∈ikZ  Iki ∈∀ ,  (7)
 }1,0{∈ijklX  Ilkji ∈∀ ,,,   (8)

The objective function, equation (1), calculates the total transportation cost of flow. 
Constraint (2) ensures that exactly p hubs are chosen. Constraint (3) states that every node is 
allocated to exactly one hub. Constraint (4) ensures that node i can be allocated to hub k only 
when k is selected as a hub. Constraint (5) ensures that for every destination j, the total flow 
from origin i to destination j routed via paths using link i-k will be nonzero only if location i 
is allocated to hub k. Similarly, constraints (6) assures that for every origin i and every hub k, 
a flow through the path i-k-l-j is feasible only if j is allocated to hub l. Constraints (7) and (8) 
are binary integrality constraints. 
 
 
3. THRESHOLD ACCEPTING METHOD 
 
The threshold accepting (TA) method is a variation of the classical simulated annealing 
algorithm, first introduced by Dueck and Scheuer (1990). TA simplified the simulated 
annealing procedure by leaving out the probabilistic element in accepting worse solutions. TA 
introduced a deterministic threshold and a worse solution is accepted if its difference to the 
current solution is smaller than or equal to the threshold. The key components of TA are the 
function that determines the lowering of the threshold during the course of the procedure, 
stopping criteria as well as the methods used to create initial and neighboring solutions. The 
main advantages of TA are its conceptual simplicity and its excellent performance on 
different combinatorial optimization problems. 
 
Assuming that X is the set of all feasible solutions of the problem, TA starts with an initial 
solution X0∈X, which may be generated randomly or used a simple method. Then, the method 
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proceeds in an iterative manner. In each iteration, the algorithm decides if the new solution X’ 
is less than the current solution Xc, then the old one will be replaced by the new one; 
otherwise, another solution will be generated. If the current solution is less than the best 
solution so far Xb, then the best solution will be replaced by Xc. A brief description of the TA 
procedure is given below and the flowchart is shown in figure 1. 
 

Step 1: Setup the initial value of parameters, including initial threshold value (TH0), the 
decreased factor (γ), 0 < γ <1, the length of threshold string (K), the moving 
length (M) for each threshold value. Generate initial solution X0, let Xb = Xc = X0, 
j = 1, f(Xb) = f(Xc) = f(X0). 

Step 2: Set i = 1. 

Step 3: Generate the neighborhood solution X’ from Xc. 

Step 4: Calculate ΔE = f(X’) - f(Xc).  

Step 5: If ΔE ≤ TH(j), then accept the neighborhood solution, let Xc = X’ and f(Xc) = 
f(X’); otherwise, go to step 7. 

Step 6: If f(Xb) < f(X’), let Xb = X’ and f(Xb) = f(X’). 

Step 7: If i < M, i = i + 1, and go to step 3; otherwise, go to step 8. 

Step 8: If j < K, then TH(j+1) = γ × TH(j), j = j + 1, go to step 2; otherwise, go to step 9. 

Step 9: Do the local search and stop. Output the best solution Xb. 
 
In our TA implementation, we start with a simple rule to generate the initial solution. We 
compute the summation of incoming and outgoing flow of each node and sort the nodes in 
descending order. The top p nodes will be selected as the hubs in the initial solution. For other 
non-hub nodes, we just allocate them to their nearest hub. The types of transitions to generate 
neighborhood solutions are similar to Ernst and Krishnamoorthy (1996), but we add another 
one more type to generate neighborhood solutions as follows. 
 

Type 1： First, we choose the cluster which contains only a single node, i.e. the cluster 
consists of only the hub, and we perform the following move. 

 Pick randomly a non-hub node and make it hub. 
 Allocate the previous single hub-node to a randomly chosen cluster. 

Type 2： Set a fixed length, if the iteration equal to the length then does this exchange 
method to generate the new solutions; otherwise, randomly select type 3 or 4. 

Randomly pick a hub and non-hub node, and exchange each other. 

Type 3： Change the allocation of a randomly chosen non-hub node to another hub 
which is randomly selected in one of the nearest p-1 or four (if p > 4) hubs. 

Type 4： Change the location of the hub within a randomly chosen cluster to a different 
randomly chosen node in the cluster. 

If a single hub cluster exists in the current solution, we will execute type 1 transition. For the 
rest of three types, the transition probabilities, defined as the probability of choosing one of 
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the operators, are initially set at 0.5 and 0.5 for types 3 and 4, respectively, for most of 
iterations except at a fixed number of iterations. 
 

Generate initial solution X0, set 
threshold value TH0.

Let Xb=Xc = X0, f(Xb)=f(Xc) = f(X0), 
j = 1

Select the type of neighborhood solution to generate a 
new solution X’, allocate the non-hub nodes to hubs.

Calculate the objective difference.
E = f(X’) - f(Xc)

E TH(j)

Let Xc = X’, f(Xc) = f(X’)

i < M

j < K

Local search

Output Xb

Reject the new solution X’.

i = i + 1

Decrease the threshold value.
TH(j+1) = × TH(j)

j = j + 1

Yes

Yes

Yes

No

No

No

M: The moving length
K: The length of threshold string
TH(j): The threshold value now

: The decreased factori = 1

If f(X’) < f(Xb)

Let Xb = X’, f(Xb) = f(X’)

Yes

No

 
Figure 1 The flow chart of TA 

 
 
4. COMPUTATIONAL RESULTS 
 
In this section the computational results of our TA algorithm and a comparison with existing 
algorithms are given. All tests were carried out on the Intel Core 2 Duo 2.13GHz CPU with 2 
GB RAM. The TA algorithm was coded in Microsoft Visual Studio .Net 2003 C++ and tested 
on two sets of instances. The CAB (Civil Aeronautics Board) data set introduced by O’kelly 
(1987) is based on airline passenger flows between 25 US cities in 1970. It contains 60 
instances with up to 25 nodes and up to 4 hubs. It is assumed that λ and δ equal to one, while 
α takes values from 0.2 to 1. The other data set, AP data set (first used in Ernst and 
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Krishnamoorhy, 1996), is derived from a study of the Australian postal delivery system. The 
largest instances includes 200 nodes with the parameters λ = 3, α = 0.75, and δ = 2. Small 
size instances, with 10, 20, 25, 40, and 50 nodes can be obtained by aggregating the largest 
initial instance. The number of hubs in tested instances is up to 20. The main difference 
between AP and CAB data set is that the flow matrix of the AP data set is not symmetric. The 
initial threshold is equal to 0.01 * f(X0), and the decreased factor γ = 0.9. The length of 
threshold string (K) is 120, and we fix the moving length as (n * p / 10) where n is number of 
nodes and p is number of hubs. Each instance is run for 20 times. 
 
In recently, many research adopted metaheuristics to investigate USApHMP, including SA in 
Ernst and Krishnamoorthy (1996); GAHUB2 in Kratica et al. (2007); a hybrid variable 
neighborhood search (VNS) with the Path-Relinking method (VNS-PR) algorithm in Pérez et 
al. (2007); the ACO algorithm in Ma (2008). We will compare our results with ACO 
algorithm, SA algorithm, GAHUB2, and VNS-PR, respectively. 
 
Tables 1 and 2 show the results of our TA approach for all 60 CAB instances. Columns 1-4 
are number of nodes n, number of hubs p, the discount factor α, as well as the optimal 
solution of the instance. The columns labeled SA, GAHUB2, VNS-PR, ACO, and TA, present 
the results obtained for the minimum gap and average CPU time in seconds for SA, 
GAHUB2, VNS-PR, ACO, and TA, respectively. The gap (in percentage) is computed by 
equation (9) and the computational time for each instance is also presented. We notice that as 
the number of hubs p, increases for a given number of nodes n, the CPU time increases. 
 

%100
Opt.

Opt. -solution best 
×=gap  (9)

 
Table 1 provides the results for the CAB data set for n = 10, 15. We observe that our TA 
algorithm provides optimal solutions for all instances in this table. The ACO and SA 
algorithms can obtain all the optimal solutions. The VNS-PR cannot find the optimal 
solutions in 2 instances. Moreover, the average run time of our TA is only 0.008 seconds. 
Table 2 presents the results for the large CAB instances. We also observe that our algorithm 
reaches the optimal solutions for all instances and the average run time is only 0.065 seconds. 
The ACO and GAHUB2 algorithms can obtain all the optimal solutions while the SA can find 
all optimal solutions except one instance. The VNS-PR cannot find the optimal solutions in 2 
instances.  
 
To further analyze the computational efficiency of our TA algorithm, we provide a summary 
of comparison of CAB results among different approaches in table 3. Since the computers 
used for different approaches are different, scaled time is employed to evaluate the 
efficiencies of the approaches in literature. The scaled time is computed as follows: (Ta / 
Tg)*(Pa / Pg) where Ta and Tg are the computational times for the compared approach and our 
TA algorithm, respectively, while Pa and Pg are the computer speed in Mflop/s for the 
compared approach and our TA. While scaled time is less than 1, the compared approach is 
more efficient than our TA. Because the computer speed might not be available, we just use 
the similar computers for evaluating from Dongarra (2008). The CAB results show that our 
algorithm outperforms VAN-PR in terms of solution quality and computational efficiency. 
TA is slightly better than both SA and GAHUB2 in terms of efficiency, while ACO and TA 
provide very close results. 
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Table 1 Results for small CAB instances 
    SA VNS-PR ACO  TA 

n p α Opt. gap time gap time gap time  gap time 
10 2 0.2 615.99 0 0.19 -* - 0 0.01  0 0.00 
10 2 0.4 674.31 0 0.26 - - 0 0.01  0 0.00 
10 2 0.6 732.63 0 0.23 - - 0 0.01  0 0.00 
10 2 0.8 790.94 0 0.24 - - 0 0.01  0 0.00 
10 2 1 835.81 0 0.36 0 0.01 0 0.01  0 0.00 
10 3 0.2 491.93 0 0.47 - - 0 0.01  0 0.00 
10 3 0.4 567.91 0 0.57 - - 0 0.01  0 0.00 
10 3 0.6 643.89 0 0.62 - - 0 0.01  0 0.00 
10 3 0.8 716.98 0 0.47 - - 0 0.01  0 0.00 
10 3 1 776.68 0 0.66 0 0.01 0 0.01  0 0.00 
10 4 0.2 395.13 0 0.77 - - 0 0.01  0 0.00 
10 4 0.4 493.79 0 1.21 - - 0 0.01  0 0.00 
10 4 0.6 577.83 0 1.10 - - 0 0.01  0 0.00 
10 4 0.8 661.42 0 1.40 - - 0 0.01  0 0.00 
10 4 1 736.26 0 1.09 0 0.01 0 0.01  0 0.00 
15 2 0.2 981.28 0 0.72 - - 0 0.02  0 0.01 
15 2 0.4 1062.63 0 0.51 - - 0 0.01  0 0.00 
15 2 0.6 1143.97 0 0.63 - - 0 0.01  0 0.00 
15 2 0.8 1190.77 0 0.67 - - 0 0.01  0 0.00 
15 2 1 1221.92 0 0.72 0 0.17 0 0.01  0 0.00 
15 3 0.2 799.97 0 1.63 - - 0 0.02  0 0.01 
15 3 0.4 905.1 0 1.27 - - 0 0.02  0 0.01 
15 3 0.6 1009.93 0 1.14 - - 0 0.02  0 0.01 
15 3 0.8 1099.51 0 1.03 - - 0 0.02  0 0.01 
15 3 1 1168.68 0 1.07 0.67 1.05 0 0.02  0 0.01 
15 4 0.2 639.78 0 2.14 - - 0 0.03  0 0.02 
15 4 0.4 779.71 0 1.92 - - 0 0.03  0 0.02 
15 4 0.6 910.21 0 1.95 - - 0 0.03  0 0.02 
15 4 0.8 1026.52 0 1.91 - - 0 0.03  0 0.02 
15 4 1 1118.23 0 1.22 1.38 3.47 0 0.03  0 0.02 

          *: The authors do not test the instance in the literature 
 
Tables 4 and 5 present the results for the AP data set. The first three columns are the number 
of nodes n, the number of hubs p, the optimal solutions (Opt.) for small instances in table 4 
and the best known solutions (BKS) for large instances in table 5, respectively. The following 
columns present the minimum gap (%) and the CPU time (seconds) for each compared 
algorithms. The optimal solutions in table 4 were obtained by Ernst and Krishnamoorthy 
(1996) and the best known solutions in table 5 are from Kratica et al. (2007).  
 
In table 4, our TA can reach the optimal solutions in all small AP instances. The results 
obtained by other heuristics are similar for small instances, except SA cannot find one optimal 
solution. In general, we observe that, for a fixed value of n, the CPU time required by our TA 
algorithm increases with p. The average CPU time by TA is only 0.043 seconds. For large 
instances in table 5, both GAHUB2 and ACO can reach all the best known solutions while 
ACO updates two best known solutions. Our TA only cannot obtain the best known solutions 
in one instance and updates two best known solutions. For the one instance, the gap is 0.236% 
which is smaller than that by SA (0.51%) and by VNS-PR (0.37%). 
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Table 2 Results for large CAB instances 
    SA GAHUB2 VNS-PR ACO  TA 

n p α Opt. gap time gap time gap time gap time  gap time 
20 2 0.2 979.09 0 0.96 0 0.10 -* - 0 0.03  0 0.01 
20 2 0.4 1042.57 0 0.93 0 0.10 - - 0 0.03  0 0.01 
20 2 0.6 1106.04 0 0.92 0 0.10 - - 0 0.03  0 0.01 
20 2 0.8 1169.52 0 1.05 0 0.36 - - 0 0.03  0 0.01 
20 2 1 1210.08 0 1.04 0 0.10 0 0.99 0 0.03  0 0.01 
20 3 0.2 724.54 0 1.69 0 0.15 - - 0 0.04  0 0.02 
20 3 0.4 847.77 0 1.67 0 0.16 - - 0 0.04  0 0.02 
20 3 0.6 971.00 0 1.82 0 0.17 - - 0 0.04  0 0.03 
20 3 0.8 1091.05 0 1.85 0 0.18 - - 0 0.04  0 0.03 
20 3 1 1156.07 0 1.96 0 0.17 0 4.34 0 0.04  0 0.03 
20 4 0.2 577.62 0 2.14 0 0.16 - - 0 0.06  0 0.03 
20 4 0.4 727.10 0 2.32 0 0.17 - - 0 0.06  0 0.04 
20 4 0.6 869.16 0 2.16 0 0.17 - - 0 0.06  0 0.05 
20 4 0.8 1008.49 0 2.38 0 0.19 - - 0 0.06  0 0.08 
20 4 1 1111.02 0 2.8 0 0.22 0.07 4.68 0 0.06  0 0.08 
25 2 0.2 1000.91 0 1.48 0 0.12 - - 0 0.04  0 0.02 
25 2 0.4 1101.63 0 1.59 0 0.12 - - 0 0.04  0 0.02 
25 2 0.6 1201.21 0 1.96 0 0.57 - - 0 0.04  0 0.02 
25 2 0.8 1294.08 0 1.93 0 0.16 - - 0 0.04  0 0.02 
25 2 1 1359.19 0.22 1.91 0 0.13 0 0.23 0 0.04  0 0.03 
25 3 0.2 767.35 0 2.91 0 0.20 - - 0 0.07  0 0.05 
25 3 0.4 901.70 0 2.62 0 0.20 - - 0 0.07  0 0.04 
25 3 0.6 1033.56 0 2.20 0 0.23 - - 0 0.07  0 0.08 
25 3 0.8 1158.83 0 2.44 0 0.26 - - 0 0.07  0 0.09 
25 3 1 1256.63 0 3.07 0 0.37 0 3.06 0 0.07  0 0.10 
25 4 0.2 629.63 0 3.30 0 0.36 - - 0 0.10  0 0.07 
25 4 0.4 787.52 0 3.46 0 0.22 - - 0 0.10  0 0.09 
25 4 0.6 939.21 0 3.35 0 0.30 - - 0 0.10  0 0.14 
25 4 0.8 1087.66 0 3.89 0 0.24 - - 0 0.10  0 0.18 
25 4 1 1211.23 0 3.55 0 0.26 0.45 3.54 0 0.10  0 0.15 

*: The authors do not test the instance in the literature 
 
 

Table 3 The summary of comparison of results on CAB data set 

Algorithms References NBKS*

/Total#
Gap 
(%) 

CPU
(Sec.) Computer Mflop/s Scaled 

Time 

SA Ernst and Krishnamoorthy 
(1996) 59/60 0.004 1.559 DEC 3000/700 

200 MHz  45 1.59 

VNS-PR Pérez et al. (2007) 8/12 0.214 1.723 Intel P4 
2400MHz 1055 33.42+ 

GAHUB2 Kratica et al. (2007) 30/30 0.000 0.208 AMD Athlon 
1.33 GHz 558 1.52+ 

ACO Ma (2008) 60/60 0.000 0.036 Intel Core2 
2.13GHz 1470 1.20 

TA ours 60/60 0.000 0.030 Intel Core2 
2.13GHz 1470 1.00 

*NBKS: Number of best known/optimal solutions obtained 
#Total: Total number of instances being tested 
+We only compare the same instances tested by each algorithm. 
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Table 4 Results for small AP instances 
   SA GAHUB2 VNS-PR ACO  TA 

n p Opt. gap time gap time gap time gap time  gap time 
10 2 167493.065 0 0.28 0 0.05 0 0.03 0 0.01  0 0.00 
10 3 136008.126 0 0.5 0 0.07 0 0.09 0 0.01  0 0.00 
10 4 112396.068 0 0.85 0 0.07 0 0.21 0 0.01  0 0.00 
10 5 91105.371 0 1.34 0 0.1 0 0.31 0 0.01  0 0.00 
20 2 172816.69 0 1.1 0 0.11 0 0.23 0 0.02  0 0.01 
20 3 151533.084 0 1.67 0 0.14 0 0.23 0 0.03  0 0.01 
20 4 135624.884 0 2.56 0 0.16 0 0.23 0 0.05  0 0.01 
20 5 123130.095 0 3.61 0 0.21 0 0.54 0 0.07  0 0.01 
25 2 175541.977 0 2.14 0 0.15 0 0.23 0 0.04  0 0.00 
25 3 155256.323 0 2.65 0 0.20 0 0.51 0 0.06  0 0.02 
25 4 139197.169 0 3.37 0 0.23 0 0.81 0 0.08  0 0.02 
25 5 123574.289 0 4.33 0 0.28 0 0.92 0 0.11  0 0.02 
40 2 177471.674 0 4.34 0 0.34 0 0.42 0 0.11  0 0.04 
40 3 158830.545 0 6.92 0 0.40 0 0.62 0 0.19  0 0.06 
40 4 143968.876 0 9.07 0 0.48 0 1.21 0 0.3  0 0.08 
40 5 134264.967 0.13 12.08 0 0.75 0 1.44 0 0.42  0 0.09 
50 2 178484.286 0 8.68 0 0.52 0 0.36 0 0.21  0 0.06 
50 3 158569.933 0 12.02 0 0.81 0 0.31 0 0.34  0 0.11 
50 4 143378.046 0 17.22 0 0.76 0 0.60 0 0.55  0 0.15 
50 5 132366.953 0 19.53 0 1.05 0 0.76 0 0.76  0 0.17 

 
 

Table 5 Results for large AP instances 
   SA  GAHUB2 VNS-PR ACO  TA 

n p BKS gap time  gap time gap time gap time  gap time
100 2 180223.801 -* -  0 13.29 - - 0 1.64  0 0.51
100 3 160847.001 - -  0 16.64 - - 0 2.74  0 0.82
100 4 145896.578 - -  0 17.76 - - 0 4.50  0 1.05
100 5 136929.444 0 80.55  0 22.11 0 28.80 0 5.53  0 1.19
100 10 106469.566 0 161.86  0 40.73 0 54.60 0 17.24  0 2.21
100 15 90533.523 0.08  279.79  0 57.45 0.08 79.20 0 33.68  0 2.93
100 20 80270.962 0.51  522.70  0 79.20 0.51 115.20 0 55.01  0 3.86
200 2 182459.254 - -  0 100.72 - - 0 12.08  0 4.02
200 3 162887.031 - -  0 111.77 - - 0 20.59  0 6.98
200 4 147767.303 - -  0 131.16 - - 0 32.71  0 8.51
200 5 140175.645 0.17  399.73  0 169.73 0.10 51.60 -0.08 44.46  -0.081 9.17
200 10 110147.657 0.85  776.58  0 259.14 0.73 112.20 0 139.29  0 17.88
200 15 94496.406 1.02  1105.29  0 313.02 0.65 126.60 0 270.78  -0.001 23.65
200 20 85129.343 0.51  1555.90  0 374.75 0.37 192.00 -0.2 445.37  0.236 29.65
*: The authors do not test the instance in the literature 

 
To further analyze the computational efficiency of our TA algorithm, we provide a summary 
of comparison of the AP results among different approaches in table 6. Both GAHUB2 and 
ACO can reach the best known solutions in all instances. Our TA algorithm performs similar 
results as ACO and GAHUB2 and outperforms VNS-PR and SA in terms of solution quality. 
In terms of efficiency, our TA is much faster than those population-based search approaches, 
GA and ACO. 
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Table 6 The summary of comparison of results on AP data set 

Algorithms References NBKS*

/Total#
Gap 
(%) 

CPU 
(Sec.) Computer Mflop/s Scaled 

Time

SA Ernst and Krishnamoorthy 
(1996) 22/28 0.120 178.452 DEC 3000/700 

200 MHz  45 1.67+ 

GAHUB2 Kratica et al. (2007) 34/34 0.000 42.614 AMD Athlon 
1.33 GHz  558 4.85 

VNS-PR Pérez et al. (2007) 22/28 0.092 27.509 Intel P4 
2400MHz 1055 6.04+ 

ACO Ma (2008) 34/34 -0.008 32.029 Intel Core2 
2.13GHz 1470 9.61 

TA ours 33/34 0.005 18.191 Intel Core2 
2.13GHz 1470 1.00 

*NBKS: Number of best known/optimal solutions obtained 
#Total: Total number of instances being tested 
+ We only compare the same instances tested by each algorithm. 
 
 
5. CONCLOSION 
 
In this paper, we have presented a threshold accepting (TA) algorithm to solve the 
unacpacitaed single allocation p-hub median problem (USApHMP). Arranging nodes in a 
non-decreasing order of their total entering flow for selecting the top p nodes as the initial hub 
directs TA to a good solution. We also propose different moving approaches to find the 
neighbourhood solution. Two sets of benchmark instances from the literature, CAB and AP, 
are tested for our TA algorithm effectiveness.  The results are also compared with other good 
heuristic approaches in the literature. 
 
Our TA algorithm was found to be quite efficient from the computational experiments. For all 
the test instances except one, the TA obtains optimal solutions in a small amount of 
computational time. TA algorithm can reach those solutions for all the instances whose 
solutions are proved to be optimal. Although one instance cannot reach the best known 
solution, TA updates two best known solutions in large AP instances. The present study shows 
that the TA is an effective method to solve USApHMP, the multiple allocation of p-hub 
median problem (UMApHMP) that considers a more relaxed situation should be discussed. 
Future research can apply the TA algorithm to solve the UMApHMP. 
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