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Abstract: Public transit systems have been a promising solution for the congestion and 
environmental problems of most urban areas around the world. Because it can reduce the 
negative effects of traffic jams and pollution caused by private vehicles, public transit systems 
have played an important role in development of sustainable environment in urban areas. 
Although public transit systems can reduce external cost efficiently, the externality of public 
transit system has not been sufficiently included in the existing models for public transit planning. 
This study aims to analyze optimal headway and length for the public transit system (i.e., urban 
rail) in a transportation corridor under the consideration of externality. A minimum total system 
cost objective is developed in a mathematical model considering insensitive and many-to-one 
demand pattern. The total system cost is composed of the operator costs, the user costs, and the 
external cost. The operator cost includes train operation costs, terminal operation costs, and 
terminal construction costs. The user cost includes the wait cost, the access lost and the in-vehicle 
cost. The external cost, which is evaluated according to the Green GNP account, includes fuel 
consumption cost, air pollution cost, and accident lost. A numerical example is given to 
demonstrate the applicability of the mathematical model developed. It is shown that under the 
consideration of externality, both the optimal length and the optimal headway should be longer 
than those generated by the conventional modeling process in which the externality is ignored. 
However, it is also shown that in some situations the optimal solutions have no significant 
differences, whether considering the externality or not. 
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1. INTRODUCTION 
 
Because the public transit system can reduce the negative effects of traffic jams and pollution 
caused by private vehicles, public transit systems have played an important role in development 
of sustainable environment in the urban areas. 
 
The external cost can be reduced by shifting more private vehicle user into public transit system. 
However, it is found that the externality of public transit system has not been sufficiently 
included in most of the existing models for public transit planning.  
 
This study aims to analyze headway and length for an urban rail line in a transportation corridor 
under the consideration of externality. A minimum total system cost objective is shown in a 
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mathematical model considering insensitive and many-to-one demand pattern. 

 

 
2. LITERATURE REVIEW 
 
In aspect of optimal route length and headway of public transit system, Lin (1989) solved 
maximum profit route length for buses. Wirainghe and Seneviratne (1986) formulated a 
generalized demand function and analyzed optimal length for MRT and Chang and Schonfeld 
(1993) analyzed the zoning problem of a bus system and solved various decision variables 
including route length, route space and headway, simultaneously. Extending the research of 
Wirainghe and Seneviratne, Chang et al. (1994) solved the optimal route length and stop spacing 
for MRT simultaneously. Lien (1999) formulated a generalized demand function and solved the 
optimal route length for commuter rail integrated with high speed rail services under the 
many-to-many demand pattern. We found that none of the research has considered the externality 
of transportation systems in their modeling works. 
 
Mayeres (1996) analyzed the marginal external cost of congestion, accidents, air pollution and 
noise pollution for transportation modes in a Belgian urban area. Bickel et al. (1996) assessed the 
external costs of transportation in ExternE project. 
 
Some research also estimated the external cost of transportation in Taiwan. Chen et al. (1997) 
estimated the air pollution emission of motorized vehicles and analyzed the effect of different 
control strategies in Taiwan. Lai (1998) assessed the effect of area licensing for saving energy 
and air decreasing pollution. The Institute of transportation (IOT) of The Ministry of 
Transportation and Communications (2000) sponsored a Vehicle Operation Cost Survey (VOCS) 
to investigate the vehicle operation cost. In this report, the cost of fuel consumption, traffic 
violation fines, parking, accidents, insurance, maintenance and air pollution prevention were 
included in the cost components. 

 

 
3. SYSTEM ASSUMPTIONS AND MODEL FORMULATIONS 
 
3.1 Assumptions of the System  
 
As shown in Figure 1, it is assumed that there is a transportation corridor with length D. An urban 
rail system has served from the CBD with length L and stop spacing S in this corridor. In this 
transportation corridor, there is an area that isn’t being served with length (D-L), in which, if the 
origin of travelers is within the shadow area they won’t use this system. Hence, the service length 
(L) and the headway of this system are our decision variables. 
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Figure 1. Spatial and Decision Variables in Urban Rail System Analysis 

 
For the convenience of data collection and model formulation, we made some of the following 
assumptions. 

 The traveler demand is insensitive to service quality or price. 
 The demand pattern is many-to-one. 
 The capacity constraints of train and route are not considered. 
 The dwell time is not considered. 
 Every stop is served by every train. 
 The average waiting time is a constant proportion of headway. 

 
3.2 Model formulation 
 
A minimum total system cost objective is developed in a mathematical model considering 
inflexible and many-to-one demand pattern. The total system cost is composed of the operator 
costs, the user costs, and the external cost.  
 
3.2.1 Operators costs (Cp) 
 

The operator costs include train operation cost Ct and terminal cost Cs where the terminal cost is 
composed of terminal operation cost and terminal construction cost. If the dwell time is not 
considered, the train operation cost can be determined as： 

v

o
t hV

LrC 2=  (1) 

Where or is the average unit cost ($/train /unit time), Vv is average train operation speed (kph), L 
is operation length (km), and h is headway (hours/train. 

 

The terminal cost (Cs) can be determined as 

S
LrC s

s =  (2) 

Where rs is average operation cost ($/station) and S is the station spacing (km). 
 
 

L

SS

CBD 

f×(D-L) 
D 
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3.2.2 Users cost (Cu) 
 
Wait time cost, access cost, and in-vehicle cost are included in the users cost. Each cost term can 
be derived as follows. 

a) Waiting time cost（Cw） 

The waiting time cost can be determined as average wait time multiplied by the value of time and 
total demand. 

Defining that the proportion of average waiting time to headway is a, the traveler density per unit 
length is q, and then the wait time cost can be formulated as: 

qLfLDahvC ww ])[( +−=  (3) 

Where, vw is average wait time value of travelers ($/hour). 

b) Access cost (Cx) 
The access cost is equal to the number of travelers multiplied by average access time and access 
time value (vx). Assuming that the proportion of average access distance to stop spacing (S) is b, 
access time value is vx, and the proportion of average access distance to the length of users’ 
willing to use the public system beyond the system’s service area is c. Access velocity in inner 
service area (L) could probably be different from an outer service area (f×(D-L)) because access 
modes are different. Hence, let access velocity be Vxm in inner service area and Vxb in outer 
service area. Then the access cost would be 

))((
22

xbxm
xx V

qLDcf
V

bSLqvC −+=  (4) 

c) In-vehicle cost (Cv) 
In this study, the dwell time loss is not considered, so the in-vehicle cost could be derived as the 
average in-vehicle distance of travelers who originate in inner and outer service areas divided by 
vehicle speed (Vv) and multiplied by in-vehicle time value (vv). Because the demand pattern is 
many-to-one, the destination of travelers who originate in outer service area is L. Let the average 
in-vehicle distance of travelers who originate in inner service area be d×L. The in-vehicle cost 
can be written as 

v

v
v V

qdLLDLqfvC ])([ 2+−=  (5) 

3.2.3 External benefit (Ce) 
 
In this study, the external benefit is quantified by the reduction of external cost of private vehicle 
by providing public transit service with length L. In another words, the reduced air pollution cost, 
accident cost, congestion cost as well as fuel consumption cost are included in the external 
benefit. 

 
Let the external cost is e ($ per private trip per unit length). Because the demand is distributed 
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uniformly with density q, the total external benefit of all travelers who originate in inner service 
area can be written as 

qdeLCe
2

1 =  (6) 
In the outer service area, let average travel distance be cf(D-L) and then the total external benefit 
is 

)(])([2 LDqLLDcfeCe −+−=  (7) 
Hence, the total external can be summarized as 

})(])({[ 2
21

qdLLDqLLDcfe

CCC eee

+−+−=

+=
 (8) 

3.2.4 Total System Cost (TC) 
 
Total system cost is the sum of operation cost and user cost minus the external benefit. Hence, the 
system total cost can be written as 
 

TC＝Cp + Cu － Ce＝Co + Cs + Cw + Cx + Cv － Ce (9) 

 
Substituting Equations (1) to (5) and (8) into (9), we can obtain results of the total system cost. 

})(])({[
])([
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 (10) 

 
 
4. EXTERNAL BENEFIT ESTIMATION 
 
In this study, the external benefit of public transit system is defined as the reduced external cost 
which is produced by private vehicles. The external cost of private vehicles includes fuel 
consumption cost, air pollution cost, accident damage cost, and congestion cost. Air pollution 
cost and fuel consumption cost are estimated according to Green GNP is published by 
Directorate-General of Budget, Accounting and Statistics, Executive Yuan, R.O.C. in 2001. 
Accident cost is determined according to the result of “Vehicle Operation Cost Survey” (VOCS) 
which is published by Institute of Transportation of Ministry of Transportation and 
Communications, R.O.C. The total external cost of private vehicles is the sum of fuel 
consumption cost, air pollution cost, accident loss cost, and congestion cost. 
 
a) Estimation of Fuel Consumption Cost 
Fuel consumption cost can be estimated as Equation (18) and (19). 
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∑∑
∀ ∀

×××
=

i j i

jijii

LF
OMP φ

φ  (12) 

 
Where Cf : fuel consumption cost ($/person-trip/unit distance), 

Df : fuel depletion ($/unit volume of oil equivalency) which is evaluated by Green GNP 
Account, 

φ : average fuel efficiency over all kinds of vehicles (distances per unit volume of oil 
equivalency),  

Pi: the proportion of ith vehicle group, 
φ i : average fuel efficiency of ith vehicle group (distances per unit volume of gasoline), 
Mij : the proportion of vehicles that use jth fuel within ith vehicle group, 
Oj : the oil equivalency (OE) of jth fuel group, and 
LFi : load factor of ith modes. 
 

b) Evaluation of Air Pollution Cost 
The mobile air pollution source is classify into six categories, which are total suspended 
particulates (TSP), sulfur oxides (SOx), nitrogen oxides (NOx), hydrocarbon (HC), lead (Pb), and 
carbon monoxides (CO) in Green GNP. In this study, the evaluation of air pollution depletion for 
private vehicle is estimated by the following equation. The depletion of air pollution per person 
trip can be estimated as the summation of the unit depletion of jth pollutants multiplied by the 
average emission factor of jth pollutants of ith modes. Precisely, the air pollution cost of private 
person-trip per unit distance is formulated as equation (20).  

∑∑
∀ ∀

××
=

i j i

a
jiij

a LF
DM

C
ε

 (13) 

Where Ca: air pollution cost ($/person-trip/unit distance), 
a
jD : air pollution depletion of jth pollutants ($/unit weight of pollutant) which is evaluated 

by Green GNP Account,  
εij : the emission factor of ith vehicle group for jth pollutant, and 
Mj : the proportion of ith vehicle group. 

 
c) Evaluation of accident loss cost 
The accident loss cost is calculated by the following equation in this study.  

∑
∀ ×

=
i ii

i
ac mLF

C λ
 (14) 

Where Cac: accident loss cost ($/person-trip/unit distance) which is estimated by VOCS, 
λi: the annual accident loss cost of ith vehicle group, and 
mi:. the annual average miles of ith vehicle group. 
 

d) Estimation of congestion cost 
The calculation of congestion cost is based on the equation (22). 

Journal of the Eastern Asia Society for Transportation Studies, Vol. 6, pp. 4001 - 4016, 2005

4006



∑
∀ ×

×
=

i ii

v
ag
i

g LFm
vCC  (15) 

 
Where Cg: congestion cost ($/person-trip/unit distance), and 

ag
iC : average congestion time of ith vehicle group. 

 
 
5. OPTIMIZATION 
 
The optimal headway and route length which can minimize the total system cost, Where, the 
objective function can be defined as 
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The F.O.C can be written as 
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∂
∂
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Where Z is defined as 

)))1((()( dvdcffeVVcfVvVvfZ vvxbvxxbv −+−+−=  (19) 
From Equation (17), (18) and (19), we can find that when c=d=0.5 and f=1 the total travelers’ 
demand is independent of route length, the optimal headway and route length are 

DqVav
Lr

*h
vw

o2
1 =  (20) 

)](
2

[
5.0

1
1 vxxbv

xm

xbvxxbvsxbo

vxxbv

VvVvD
V

SbVVv
qS

VVr
qh
Vr

VvVv
*L −+++

−
=  (21) 

 

They are unconcerned with external benefit (e). In fact, this result would be true as long as the 
relationship of f(1-cf)=d is held.  
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Furthermore, we differentiate the optimal headway with respect to route length (L) in Equation 
(12) the Equation (17) could be obtained. 
 

ovw

o

LrLLDfqVavLLDf
fdr

L
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])([2
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)( +−+−
=

∂
∂  (22) 

 
From Equation (17), we can find it is always positive. This result means that the longer route 
length is provided, the less frequent is serviced. Because more trains is needed, if operator want 
to keep the short headway than the cost would be increased, the headway would be lengthened to 
reduce the total system cost.  
 
 
6. MODEL APPLICATION AND NUMERICAL ANALYSIS 
 
6.1 External cost estimation 
 
According to Green GNP 2001 edition which is based on SEEA system and published by 
Directorate-General of Budget, Accounting and Statistics, Executive Yuan, R.O.C., the mineral 
resources depletion and the mobile air pollution source depletion are evaluated as Table 1 and 
Table 2 respectively. 
 

Table 1. The Mineral Resources Depletion. (Millions U.S. dollars) 
Year Total        

  Mineral resources   

   Crude Oil Natural gas Coal Sand Marble Lime

1997 719.59 113.59 2.41 47.44 0 47.72 6.50 9.56
1998 662.03 146.16 1.94 49.38 0 83.63 9.13 2.09
1999 597.50 141.13 2.06 44.09 0 83.31 10.22 1.41

Source: www129.tpg.gov.tw/mbas/green/index.html 
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Table 2. The Results of Mobile Air Pollution Source Depletion Evaluation in Green GNP 2001 
Edition 

total suspended particulates 
(TSP) 

sulfur dioxide 
(SOx) 

nitrogen oxide 
(NOx) 

Unit 
cost Emission Depletion Unit 

cost Emission Depletion Unit 
cost Emission DepletionYear 

$/ton ton U.S. $ 
(million) $/ton ton U.S. $ 

(million) $/ton ton U.S. $ 
(million)

1997 1019.59 38,971 39.75 3300.13 17,753 58.59 485.66 210,218 102.09 
1998 1036.78 39,963 41.44 3355.72 12,031 40.38 493.81 205,283 101.38 
1999 1038.59 40,590 42.16 3361.59 9,815 33.00 494.69 197,378 97.66 

non-methane hydrocarbon 
(NMHC) 

carbon monoxide 
(CO) 

lead 
(pb) 

Unit 
cost Emission Depletion Unit 

cost Emission Depletion Unit 
cost Emission DepletionYear 

$/ton ton U.S. $ 
(million) $/ton ton U.S. $ 

(million) $/ton ton U.S. $ 
(million)

1997 386.00 255,524 98.63 187.22 1,501,686 40.16 3300.13 163 0.53 
1998 392.50 234,783 92.16 190.38 1,380,964 37.56 3355.72 166 0.56 
1999 393.19 204,189 80.28 190.72 1,239,025 33.75 3361.59 171 0.56 

Source: www129.tpg.gov.tw/mbas/green/index.html 
 
a) Estimation of Fuel Consumption Cost 
 
As the mineral resources depletion shown in Table 1, the oil depletion was between 1.94 and 2.41 
millions in the duration of 1997 to 1999. The mineral resources depletion is evaluated by 
indigenous energy; hence, the indigenous energy and consumer price index (CPI) should be 
considered in the estimation of average fuel depletion. The fuel depletion is around 0.04 dollars 
per litre oil equivalent ($/LOE) under the consideration of indigenous energy and CPI as shown 
in Table 3.  
 

Table 3 Average Fuel Depletion    (Currency: U.S. dollars) 

Year 
CPI annual 
growth rate 

(%) 

Total depletion 
(millions) 

Average depletion 
(millions/1,000KLOE)

Average depletion based 
on 1997 present value
(millions/1,000KLOE)

1997 0.90 77.00 0.05 0.05 
1998 1.68 62.00 0.04 0.04 
1999 0.18 66.00 0.04 0.04 

Average fuel depletion ($/LOE) 0.04 
 
According to VOCS, the proportion of different fuel usages for every mode in Taipei city and 
county are shown in Table 4. Furthermore, we can evaluate the average fuel consumption 
depletion by using Equations (11) and (12) as shown in Table 5 and Table 6.  
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Table 4 The Proportion of Different Fuel Usage (%) 

Vehicle Exhaust Volume
Proportion of 

gasoline 
usage 

Proportion 
of diesel 

usage 

Proportion 
of L.P.G. 

usage 

fuel 
efficiency 
(km/veh./l)

Under 50 c.c. 100.0 0.0 0.0  24.5000 
Motorcycle 

Over 51 c.c. 100.0 0.0 0.0  23.4762 
Under 1,800 c.c. 100.0 0.0 0.0  9.3810 
1,801-2,400 c.c. 100.0 0.0 0.0  9.0952 Private sedan 
Over 2,401 c.c. 96.5 3.4 0.0  7.5517 
Under 1,800 c.c. 84.2 0.0 15.8  8.1579 

Business sedan 
Over 1,801 c.c. 97.1 0.0 2.9  7.8000 
Under 1,200 c.c. 100.0 0.0 0.0  12.3667 
1,201-1,800 c.c. 95.8 4.2 0.0  10.7917 Light truck 
Over 1,801 c.c. 66.7 33.3 0.0  10.1667 

Private truck 0.0 100.0 0.0  4.1024 
Business truck 0.0 100.0 0.0  3.8341 

Tractor 0.0 100.0 0.0  2.6267 
Source: IOT, “Vehicle Operation Cost Survey”, 2000. 

Table 5 Estimated Average Fuel Depletion  (Currency: U.S dollars) 

Vehicle Exhaust volume Load factor 
(passengers/veh.)

Fuel efficiency
(km/LOE/veh.)

Fuel 
depletion 

($/km/veh.) 

Fuel depletion 
($/km/passenger)

Under 50 c.c. 1.2 21.2333  0.0020 0.0017 
Motorcycle 

Over 51 c.c. 1.1 20.3460  0.0021 0.0019 
Under 1,800 c.c. 1.8 8.1302  0.0052 0.0029 
1,801-2,400 c.c. 2 7.8825  0.0054 0.0027 Private 

sedan 
Over 2,401 c.c. 2.3 6.5668  0.0065 0.0028 
Under 1,800 c.c. 1.8 6.9033  0.0062 0.0034 Business 

sedan Over 1,801 c.c. 1.8 6.7307  0.0063 0.0035 
Under 1,200 c.c. 1.1 10.7178  0.0040 0.0036 
1,201-1,800 c.c. 1.1 9.4031  0.0045 0.0041 Light truck 
Over 1,801 c.c. 1.1 9.1873  0.0046 0.0042 

Private truck 1.4 4.0112  0.0106 0.0076 
Business truck 1.3 3.7489  0.0114 0.0087 

Tractor 1.1 2.5683  0.0166 0.0151 
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Table 6 Estimated Average Fuel Depletion   (Currency: U.S dollars) 

Vehicle Exhaust Volume Proportion Number of registered 
vehicles in Taiwan 

Under 50 c.c. 0.43307 961,427 
Motorcycle 

Over 51 c.c. 0.56693 1,324,385 
Under 1,800 c.c. 0.64945 707,013 
1,801-2,400 c.c. 0.26637 300,973 Private sedan 
Over 2,401 c.c. 0.08418 99,780 
Under 1,800 c.c.  0.87319 55,341 

Business sedan 
Over 1,801 c.c. 0.12681 6,120 
Under 1,200 c.c. 0.4265 54,261 
1,201-1,800 c.c. 0.17871 19,068 Light truck 
Over 1,801 c.c. 0.39478 49,755 

Private truck 1 35450 
Business truck 1 18881 

Tractor 1 7973 
Estimated average fuel depletion 

Average fuel depletion cost ($/km/veh.) 0.0032 
Average fuel depletion cost ($/km/capita) 0.0023 
Average fuel depletion cost for passenger 

vehicles only ($/km/veh.) 0.0030 

Average fuel depletion cost for passenger 
vehicles only ($/km/capita) 0.0021 

Ps.: passenger vehicles include motorcycle, private sedan, and business sedan. 
 
b) Estimation of Air Pollution Cost 
 
Chen et al. (1997) proposed the estimations of average emission factors of deferent pollutants, 
including TSP, SOx, NOx, CO, HC, and Pb, and the proportion of specific pollutant for deferent 
vehicle types under several speed levels. According to Chen’s estimation and Green GNP, similar 
to the estimation of fuel consumption depletion cost, we can obtain the air pollution depletion 
cost by using Equation (13) and letting average speed of passenger cars and motorcycles are 20 
and 30 respectively. Table 7 and Table 8 show the results of air pollution depletion cost 
estimation. 
 

Table 7 Estimated Result of Air Pollution Depletion Cost (U.S.$/km/capita) 
pollutant 

Year TSP SOX N0X CO Pb NMHC Total 

1997 0.00012 0.00014 0.00017 0.00196 0.00002 0.00097 0.00100
1998 0.00012 0.00015 0.00018 0.00199 0.00002 0.00098 0.00102
1999 0.00012 0.00015 0.00018 0.00200 0.00002 0.00098 0.00102

Journal of the Eastern Asia Society for Transportation Studies, Vol. 6, pp. 4001 - 4016, 2005

4011



 
Table 8 Evaluated Average Air Pollution Depletion Cost  (Currency: U.S. dollars) 

Year 
CPI annual 
growth rate 

(%) 

Average depletion 
($/km/capita) 

Average depletion based 
on 1997 present value 

($/km/capita) 
1997 0.90 0.00100 0.000998 
1998 1.68 0.00102 0.000998 
1999 0.18 0.00102 0.000998 

Average depletion ($/km/capita) 0.000998 
 
c) Estimation of Accident Loss Cost 
 
The way to assess accident loss cost is to utilize Equation (14) according to the survey result of 
VOCS in 1998. The estimations of accident loss cost and corresponding information are shown in 
Table 9. 
 

Table 9. Estimated Accident Loss Cost and Corresponding Information (Currency: U.S. dollars) 
Vehicle  Motorcycle  Private sedan Business sedan 

Exhaust volume (c.c.) Under 50 Over 51 Under 1,8001,801-2,400Over 2,401 Under 1,800 Over 1,801
Accident loss 

($/year) 5.21875 9.8125 79.8125 53.09375 81.78125 73.65625 52.6875

Average mileages 
(km/month) 402 527 897 1061 1112 4577 4430 

Average mileages 
(km/year)  4824 6324 10764 12732 13344 54924 53160 

Average accident loss 
($/veh-km ) 0.001082 0.001552 0.007415 0.00417 0.006129 0.001341 0.000991

Load factors 1.2 1.1 1.8 2 2.3 1.8 1.8 
Average accident loss 

($/capita-km) 0.000902 0.001411 0.004119 0.002085 0.002665 0.000745 0.000551

Number of registered 
vehicles in investigated 
area  2,157,497 2,824,408 1,427,943 585,677 185,077 70,942 10,303
Proportion  0.2971 0.388938 0.196636 0.080651 0.025486 0.009769 0.001419
Average accident loss cost in1998 ($/capita-km) 0.001871
Average accident loss cost based on 1997 present value ($/capita-km) 0.00184

 
d) Estimation of Congestion Cost 

 
Because the average congestion time for particular vehicles is unavailable in those literature 
reviewed, the simulation results are presented in a research by Chu et al. (2001). As proposed in 
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Chu’s research, the simulated average journey time on freeway was varying between 71.83 and 
94.15 as price elasticity varying from 20 to 50. We specify the average journey time is 82.99 
which is the average of 71.83 and 94.15. Furthermore, the free flow journey time in Chu’s 
research is 30 minutes and therefore, the length of the simulated section should be 50 km due to 
the speed limit of freeway is conventionally specified as 100KPH in Taiwan and the average 
congestion time should be set to be 52.99. Accordingly, by substituting into equation (15), the 

average congestion time cost per capital-km should be vv
LF

×
×50

99.52 . 

 
As a result, the average load factor of private vehicle is 1.378, the average congestion time cost 
per capital-km is 0.769vv. 
 
e) Total external cost of private vehicles 
 
As analyzed above, the total external cost term of private passenger vehicles can be summarized 
as Table 10. 
 

Table 10. Total External Cost Term of Private Passenger Vehicles  (U.S. dollars) 
 Fuel depletion 

cost 
Air pollution depletion 

cost 
Accident loss 

cost 
Congestion 

cost 
Amount 0.0021 0.000998 0.00184 0.769 vv 
Total  0.004938+0.769 vv 

 

6.2 Numerical result of optimization 
 

According to related research (Lian 2000), for the purpose of numerical analysis, the parameters 
are specified as Table 11. 

 
Table11. The Description and Specified Value of Parameters  

Parameter Description 
Specified 

value Parameter Description 
Specified 

value 

S Stop spacing (km) 0.8 f 

The proportion of the 
length of user’s willing 
to use within non-service 
area. 

0.8 

D Length of transportation 
corridor (km) 20 vw Waiting time value ($/hr) 6.25 

ro Unit train operation cost ($/hr) 821.6563 vx Access time value($/hr) 4.6875

rs 
Unit terminal operation cost 
($/hr) 128.2984 vv 

In-vehicle time 
value($/hr) 2.7344

a The proportion of average 
waiting time to headway 0.5 q The traveler density 

(passenger/km) 1090 

b The proportion of average 0.5 Vxm Average access speed 4 
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Parameter Description 
Specified 

value Parameter Description 
Specified 

value 
access distance to stop spacing within service area (kph）

c 

The proportion of average 
access distance to the length of 
users’ willing to use the public 
system beyond the system’s 
service area  

0.5 Vxb 
Average access speed 
within non-service area 
(kph） 

20 

d The proportion of average 
distance to system length 0.5 Vv 

Train operation speed
（kph） 50 

 
Under the specification of parameters in Table 10, the results of numerical analysis are shown in 
Table 12. From Table 12, we can find that under the consideration of externality, the optimal 
length should be longer 2.32 km and the optimal headway should be greater 2.9 minutes than 
traditional planning procedure. 

 
It is an interesting result that the optimal headway under the consideration of externality is greater 
than traditional planning procedure. Theoretically, for the purpose of minimizing the total system 
cost under the consideration of externality, extending the length and shorten the headway are two 
alternatives in this study. The running time and operation would increase due to longer running 
distance and the train operation cost would increase as shorten the headway. If external benefit is 
big enough to cover the increasing operation cost the optimization procedure would increase the 
length and shorten the headway. When external benefit is not big enough to cover the increasing 
operation cost, one of the two alternatives would be sacrificed, depends on which one is more 
beneficial for achieving optimization, by optimization procedure. Consequently, if the extending 
of the length is more beneficial than the keeping or even lengthening of headway would be 
realized by the optimization procedure, as the result of this numerical example, and vice versa. 

Table 12 Optimization Results 

 

Optimal length 
(km) 

Headway 
(minutes) 

Train cost 
(U.S. dollars) 

Terminal cost 
(U.S. dollars) 

Waiting time 
cost 

 (U.S. dollars)

Without consider externality 12.94 8.92 $2,860.25 $2,077.16 $9,415.94

Considered externality 15.26 11.82 $2,545.56 $2,448.91 $12,784.44

 
Access time cost

(U.S. dollars) 
In-vehicle cost
(U.S. dollars)

External benefit
(U.S. dollars) 

Total system cost 
(U.S. dollars) 

Without consider externality $10,685.03 $9,348.09 $0.00 $34,386.44
Considered externality $9,634.09 $10,389.16 $12,217.38 $25,584.78

 

 
7. CONCLUDING REMARKS 

 
This study aims to analyze optimal headway and length for a urban rail system in a corridor under 
the consideration of externality. In this study, we proposed a feasible and applicable method 
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which is based on Green GNP and other investigated materials to evaluate the externality of 
transportation systems. These results can be used as a guideline for public transportation system 
planning and design procedure.  
 
The estimated external cost, which is related to the in-vehicle time value, is about 
(0.004938+0.769 vv) dollars per capita-km. As the result of this study, the largest proportion of 
total external cost is congestion cost. 
 
From Equation (17), (18) and (19), one can find that when c = d = 0.5 and f = 1 the total travelers’ 
demand is independent of route length, the optimal headway and route length are also unrelated 
to externality. It can be seen as the evidence that the optimal headway and route length could be 
unrelated to externality in some special circumstances. 
 
The results of the numerical example show that the optimal headway under the consideration of 
externality is greater than traditional planning procedure. This result is appeared when external 
benefit is not big enough to cover the increasing operation cost, one of the two decision variables 
would be sacrificed, depends on which one is more beneficial for achieving optimization. 
Consequently, if the extending of the length is more beneficial than the keeping or even 
lengthening of headway would be realized by the optimization procedure,. 
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