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Abstract: In transportation demand modeling, it is a common practice to utilize discrete 
choice models in estimating people’s choice upon several modes of transportation based on 
observed socio-economic backgrounds and mode-specific features. The nature of the models, 
however, dictates the requirement of providing a substantial number of observations. An 
interesting question is whether it would still be possible to estimate a reasonably good model 
given only a small amount of data set available. One way to make this small number matters 
is through simulation. This paper reports an exercise of applying bootstrap technique to 
generate new data sets from a small number of observations and to estimate new models from 
them. From this simulation, distributions of models’ parameters can be provided, and hence 
the parameters and their standard errors can be calculated from their respective distribution, 
and their biases can be corrected. The performance of this simulation-based model is then 
discussed. 
 
Keywords: Discrete choice model, bootstrap, bias correction. 
 
 
1. INTRODUCTION 
 
The bootstrap is a computer-intensive statistical technique that plays an increasingly 
important role in modern statistical analysis and applications. Introduced firstly by Efron 
(1979) this method is essentially a form of a larger class of methods that resample from the 
original data set, and thus, are called re-sampling procedures. Its first application was in 
estimating parameters of complex distributions and its accuracy (standard error) and 
determining their confidence intervals. Because of the bootstrap’s generality, it now has been 
applied to a much wider class of problems, including error rate estimation in discriminated 
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analysis, subset selection in regression, logistic regression and classification problems, and 
many others (Chernick, 1999). Efron and Tibshirani (1993) provide an excellent introduction 
to this area. 
 
In this study, the bootstrap method is used to investigate the estimation results based on the 
revealed-preference data from the study of Bangkok Transit System (BTS), the first rail-based 
transit system in Thailand. The binary logit model estimated in this study, based on the 
original data, is used as the base model. The bootstrap technique are applied to generate new 
data sets from a small number of observations and to estimate new models from them. From 
this simulation, distributions of models’ parameters can be provided, and hence the 
parameters can be calculated from their respective distribution and their biases can be 
corrected. The performance of this simulation-based model is then discussed. 
 
 
2. THEORETICAL CONSIDERATIONS 
 
2.1. General Procedure of the Bootstrap 
 
In general, bootstrap procedure can be described as follows. Given a sample of n 
independently identically distributed random vectors X1, X2, …, Xn and a real-valued 
estimator θ (X1, X2, …, Xn) of the distribution parameter θ (denoted by θ̂ ), a procedure (the 
bootstrap) to assess the accuracy of θ̂  is defined in terms of the empirical distribution 
function Fn. This empirical distribution function assigns probability mass 1/n to each 
observed value of the random vectors Xi for i = 1, 2, …, n. The empirical distribution function 
is the maximum likelihood estimator of the distribution for the observations when no 
parametric assumptions are made. The bootstrap distribution for θ̂  – θ  is the distribution 
obtained by generating θ̂  values by sampling independently with replacement from the 
empirical distribution Fn. The bootstrap estimate of the standard error of θ̂  is then the 
standard deviation of the bootstrap distribution for θ̂  – θ . 
 
In practical application, we usually need to generate bootstrap samples (or re-samples, i.e. 
sampling independently with replacement from empirical distribution). From the bootstrap 
sampling, coefficient estimation is obtained. The procedure consists of repeating the 
following steps for k times: 
• Generate a bootstrap sample B of size n (where n is the original sample size) with 

replacement from the empirical distribution. 
• Compute θ *, that is the value of θ̂  obtained from bootstrap sample in place of the original 

sample. 
 
We actually want to know the distribution of θ̂  – θ . However, what we have in hand is an 
approximation to the distribution of θ *– θ. The key idea (also referred as to the principle) of 
the bootstrap is that for n sufficiently large we could expect the two distributions to be nearly 
the same. 
 
2.2. Bias Estimation and Correction by Bootstrapping 
 
Let E(X) denotes the expected value of the random variable X. For an estimator θ̂  of a 
parameter θ , we consider the random variable θ̂  – θ for our X. The bias of an estimator θ̂  for 
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θ  is defined to be b = E (θ̂  – θ ). The bootstrap estimator B* for b is then E (θ *– θ), where θ * 
is an estimate of θ based on a bootstrap sample. The approximation of B*

 is simply the 
average of the differences between the bootstrap sample estimate *

iθ of θ  and the original 

sample estimateθ̂ : 

( )∑
=

− θ−θ=
k

1i

*
i

1 ˆkB  

 
A biased estimator is thus corrected by subtracting an estimate of its bias from it. 
 
2.3. Resampling Linear Regression Models 
 
There are two fundamentally different ways of applying bootstrap in linear regression 
problems (Wehrens et al., 2000). The first one is resampling cases, and the other one is 
resampling residuals. In a dataset where (x1, y1), … ,(xn, yn) are observed such that yj = θ0 + 
θjxj + εj, where ε1…εn are independent measurement errors with mean zero, the first approach 
to obtain bootstrap samples is by resampling independently from the pairs (x1, y1), … ,(xn, yn) 
to yield (x*

1, y*
1), …,(x*

n, y*
n). Simulated values θ̂ *

0 and θ̂ *
j are then computed from (x*

1, 
y*

1),…,(x*
n, y*

n) in the same way that θ̂ 0 and θ̂ j were calculated from the original data. The 
second approach is to resample independently from residuals ε1,…,εn. This yields ε∗

1,…,ε∗
n. 

By setting y*
j = θ0 + θjxj + ε*

j, simulated values θ̂ *
0 and θ̂ *

j may then be computed from 
bootstrap data (x1, y*

1), … ,(xn, y*
n) in the same way as θ̂ 0 and θ̂ j were calculated from the 

original data. 
 
Bootstrapping residuals is the method to take if the independent variables xj are controlled by 
design. The method is very sensitive to the assumption that the errors are stochastically 
independent, and that their distribution is independent of the covariates. Resampling cases is 
safer to use in general. It will also work if the assumptions necessary to use residual 
resampling do hold. 
 
 
3. BASE MODEL 
 
The Bangkok Mass Transit System Public Company Limited (BTSC) operates two BTS light-
rail routes, which serve 24 stations in inner Bangkok, covering an area of approximately 20 
km2. The service runs from 6:00 a.m. to midnight daily, with the distance-based graduated 
fare between 10 and 40 Baht (1 Baht = AUS$0.035). On average, the rail system carries over 
300,000 passengers per day, with an average trip length of 6.25 km (BTSC, 2005).  
 
On-site interviews were conducted during weekdays in February and March 2004 at six BTS 
stations and five office buildings in downtown Bangkok area. To avoid captive commuters, 
certain screening questions were asked, such that only commuters, whose choice set include 
both BTS and auto, are interviewed. Commuters who rode BTS were asked whether they can 
drive and whether they have autos available at home. Likewise, commuters who drove were 
asked whether they live within 10 km of a BTS station, a hypothetical radius that reflects 
accessibility to the rail system. If the answer to either of these questions were “no,” then that 
particular commuter would be skipped. Furthermore, the target number of commuters in 
certain age or gender groups was set prior to the interview, and once reaches, interviewers 
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would seek commuters in other groups. The described procedures ensure that a sufficient 
variety of commuters in various social and economic groups is surveyed. 
 
Number of 291 commuters was obtained in the survey. After reducing bad observations, 206 
observations (117 BTS riders and 89 drivers) were used for analysis. Summary statistics of 
the data, classified by chosen modes, are shown in Table 1. Modal characteristics include in-
vehicle travel time, out-of-vehicle travel time (access and egress time), and travel costs. 
Expenses incurred by BTS riders include BTS fare and costs of getting to and from BTS 
stations. Since the typical destinations of BTS commuters are located in downtown area, the 
most common egress mode is to walk from BTS stations to their destinations, thus incurring 
no costs. Getting from home to a BTS station, however, generally requires a substantial 
amount of time and costs. Some commuters traveled over an hour from home to BTS stations, 
while others might pay four or five times the BTS fare to access the BTS stations. 
 

Table 1 Summary Statistics of Data 

Attributes Chosen 
BTS 

Chosen 
AUTO 

Male (1) 47.9% 56.2% Gender 
Female (0) 52.1% 43.8% 
<21 1.7% 2.2% 
21-30 55.6% 43.8% 
31-40 23.9% 23.6% 
41-50 14.5% 21.3% 

Age (years) 

>50 4.3% 9.0% 
Lower than high school (1) 1.7% 0.0% 
High school (2) 5.1% 0.0% 
College student (3) 3.4% 3.4% 
College graduates (4) 72.6% 69.7% 

Education level 

Graduate degrees (5) 17.1% 27.0% 
Inner Bangkok (0) 72.6% 82.0% Trip origin 

(home location) Outer Bangkok (1) 27.4% 18.0% 
No car 29.9% 5.6% 
One car 54.7% 60.7% 

Car ownership 

More than one car 15.4% 33.7% 
Average of BTS total time (min) 
(Access time + line-haul time + egress time) 

18.3 
(8.1) 

20.1 
(8.4) 

Average Auto total time (min) 
(as a journey time from home to final destination by car) 

57.7 
(30.1) 

51.6 
(18.9) 

DTIME = AUTOtime - BTStime 
(Average the difference in time between Auto and BTS) 

39.4 
(27.7) 

31.5 
(19.8) 

Average BTS total cost (Baht) 
(including access and egress fare) 

32.5 
(20.4) 

55.6 
(40.3) 

Average AUTO cost (Baht) 
(out of pocket cost such as for toll and parking fee) 

84.3 
(44.3) 

82.3 
(44.3) 

Note: the number in the parentheses denotes standard deviation. 
 Inner Bangkok: area between Chaopraya River and Inner Ring Road. 

 
Discrete choice modeling is applied to develop the automobile share model. The model is a 
mathematical function, which predicts an individual’s choice based on the utility or relative 
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attractiveness of competing alternative modes, i.e. automobile and rapid transit system (BTS). 
As only two alternative access modes are considered, binary logit model is utilized to develop 
automobile share model. The model states that the probability of an individual choosing 
automobile (Pa) depends on the difference in utility between automobile (a) and BTS (b) 
mode, or, 

za e
P −+

=
1

1  

 
where z = Va – Vb = θ̂ 0 + θ̂ 1x1+ θ̂ 2x2 + … + θ̂ KxK. 
 
Va and Vb are systematic component of the utility function of automobile and BTS mode, 
respectively. Component of xi indicated the difference of utility. Nine variables were used to 
estimate the coefficient variables. However, due to their correctness sign, these variables were 
reduced as to incorporate eight variables. Table 2 shows the final result of the estimation. 
 

Table 2 Coefficient Estimation of the Automobile Share Model 
Variables Description nθ̂  SE  
DTIME Difference in time between auto and BTS -0.0264 0.0086 * 
BCOST BTS cost (out of pocket) 0.0400 0.0081 * 

CAR Car ownership 0.8514 0.2383 * 
ORIGIN Respondent’s origin -0.1947 0.4449  
ACBUS Access BTS by bus; 1-yes and 0-no 1.0955 0.3915 * 

SEX Respondent’s gender; 1-male and 0-female 0.2381 0.3457  
EDU Respondent’s education level 0.5430 0.3134 ** 
AGE Respondent’s age 0.0110 0.0196  

Constant  -5.4263 1.6532 ** 
* significant at 5% level 
** significant at 10% level  

 
Since the sign of DTIME is negative, increasing automobile time would decrease the 
probability of using automobile to go to final destination, i.e. workplace. Car ownership plays 
a role in choosing automobile. It could be understand since people with one car or more 
would desire to use it. The variable of ORIGIN has negative sign. It means that commuters in 
Inner Bangkok prefer to use BTS than drive. 
 
A dummy variable, ACBUS, was applied to show how to access BTS. It was believed that the 
difficulties of taking BTS (such as difficult to access) would influence the probability of 
taking BTS. The positive sign of the coefficient indicated that if commuter needs to access 
BTS by motorized mode, i.e. bus, rather than walking, then he or she would prefer driving.  
The positive sign in variable of SEX indicates that men prefer to drive than women. Higher 
education and older people were also more likely driving than taking BTS for their work trip, 
as shown in the sign of the variables, i.e. EDU and AGE. The negative sign in the constant 
term indicates that a relative preference for taking BTS when there are not different at all (all 
else being equal) in utility.  
 
The estimation results as shown in Table 2 have correct sign due to a priori beliefs. However, 
due to statistical reason, i.e. significant level, two variable needs to reconsider. Bias correction 
model using bootstrap then applied to show whether these variables would be significant or 
not after the correction.  
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4. BIAS CORRECTED MODEL 
 
The bootstrap estimated discrete choice model was performance to achieve the better 
coefficient of the model, which was applying the bias corrected model using bootstrap. In 
practical, there are some large numbers of bootstrap samples, B, which every set of B 
bootstrap estimators 1*ˆ

nθ ,.., B
n

*θ̂ . The estimated bias is calculated as, 
 
 ∑ =

−
B

i nn B
1

1* ˆ/ˆ θθ   
 
The bias corrected model for coefficient estimation is defined as, 
 

 ∑
=

−=
B

i

i
nn

bc
n B 1

*ˆ1ˆ2ˆ θθθ , 

 
which the detail result of this equation can be shown in Table 2. As shown in the table, in 
general, estimation value for each variable decrease following the number of bootstrap 
number. This finding might indicate that some bias was included in the original model. Thus, 
bias correction tried to reduce these biases. 
 

Table 2 Original and Bias Correction Model 
  DTIME BCOST CAR ORIGIN ACBUS SEX EDU AGE Constant 
Original Model 

nθ̂  -0.02641 0.04003 0.85139 -0.19469 1.09554 0.23809 0.54302 0.01096 -5.42625 

SE 0.00859 0.00814 0.23830 0.44494 0.39155 0.34574 0.31339 0.01958 1.65322 
p-value 0.2% 0.0% 0.0% 66.2% 0.5% 49.1% 8.3% 57.6% 0.1% 

Bias Correction Model ( bc
nθ̂ ) 

B DTIME BCOST CAR ORIGIN ACBUS SEX EDU AGE Constant 
20 -0.02155 0.03686 0.82605 -0.05080 0.94673 0.22661 0.46254 0.01428 -5.03981 
50 -0.02203 0.03645 0.82298 -0.16597 0.94364 0.18971 0.52510 0.01135 -5.11405 

100 -0.02384 0.03694 0.79011 -0.16672 1.00741 0.25140 0.51788 0.01225 -5.12129 
200 -0.02381 0.03672 0.76749 -0.15232 1.00476 0.24853 0.49409 0.01221 -4.99672 
300 -0.02377 0.03711 0.77992 -0.13339 1.00443 0.23294 0.47255 0.01182 -4.96793 
400 -0.02403 0.03710 0.78913 -0.14615 1.01735 0.24268 0.47332 0.01174 -4.98366 
500 -0.02419 0.03709 0.79465 -0.15381 1.02510 0.24853 0.47379 0.01168 -4.99311 

 
As shown in the table, the value of the significant variable increases with the increase of 
bootstrap number, such as BCOST, CAR, and ACBUS. These variables have positive sign. 
Similarly, it occurs in the same way for the variable with the negative sign, DTIME. 
However, insignificant variables show irregular pattern as shown for variable of ORIGIN and 
SEX. An exception is shown for the variable with less significant level, i.e. EDU.  
 
Following Table 2, the effectiveness of bias correction model can be examined in model 
prediction. The comparison of percentage correct between original model and bias correction 
model can be shown in Figure 1.  
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Figure 1 Prediction Correct 

 
As shown in the figure, prediction correctness becomes stable for bootstrap number up from 
200. It means that to obtain the estimation, one should consider to apply higher number of 
bootstrap sample size.  
 
Moreover, Figure 2 and Figure 3 shows the bias reduction for all variables for every bootstrap 
samples. The bias of each variable reduces significantly after the sample number of 50 (B = 
50). The flip flop form of the bias reduction with respect to number of sample occurred for the 
variables that not significant at 5% and 10% level, such as ORIGIN, SEX and AGE. For the 
significant variables, there are not significant bias reductions for after the sample number of 
100, see more detail in Figure 3. As also shown in the figure, the bias correction may effective 
at the number of bootstrap sample more than 100. 
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Figure 2 Percentage of Bias Reduction with respect to Bootstrap Sample Number (B), 

for All Variables 
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Figure 3 Percentage of Bias Reduction with respect to Bootstrap Sample Number (B), 

for Significant Variables 
 
Bias correction model indicated that the better estimation can achieve using bias correction 
using bootstrap. The number of bootstrap samples up to 100 give the better estimation 
although, as shown in the figure, higher estimation occurred for B = 20 and B=50. However, 
the value of B that higher than 100 shows an establish estimation, which might be much better 
for the ones that less 100. 
 
 
5. CONCLUSION 
 
Most of studies on the bootstrap suggested that the numbers of bootstrap samples of 100 to 
500 are satisfied (Chernick, 1999 and Wehrens, et al., 2000). As shown from the findings, 
bias-corrected model gives the better model in term of model prediction. However, the 
improvement gained is only small, i.e. only about 2 percent. This is perhaps partly explained 
by the magnitude of the constant which is overwhelmingly larger than the products of the 
predictors and their parameters. The exercise explained in this study thus concludes that the 
application of bootstrap in transportation demand modeling need to be considered with 
cautions. 
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