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Abstract: This paper aims to develop a parsimony procedure to identify if chaotic 
phenomena exist in a traffic flow dynamics. A wide-ranging comparison of geometric 
plots and statistics between the observed one-minute traffic data and their surrogates are 
carried out. The most crucial indexes are selected to establish the parsimony testing 
procedure, which are successfully validated by known time series data generators and 
further applied to identification for chaotic traffic time series. We have strong evidence to 
conclude that chaotic phenomena, rather than random structures, do exist in the nature of 
freeway short-term (one-minute) traffic during the morning hours. 
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1. INTRODUCTION 
 
Roadway traffic is typically characterized with non-reproducible flow patterns from day 
to day; but the trajectories of flows look very similar on typical workdays -- with morning 
and afternoon peaks during the commuting periods and very lulled traffic in the midnight. 
The field observed traffic may sometimes exhibit equilibrium fixed points (e.g., at traffic 
jams) or periodic or quasiperiodic motions, but more than often they reveal stochastic or 
chaotic motions with noticeable fluctuations. Most previous literature treated such 
non-reproducible traffic flow dynamics as stochastic structures and modeled their 
evolutions by different stochastic processes with assumed probabilities and realizations. 
Such stochastic modeling might satisfactorily elucidate the traffic flow irregularities in a 
coarse scale such as 15-minute, 30-minute, or hourly basis, in which the fluctuations and 
wiggles are not so conspicuous. However, if counting the traffic in a very fine scale such 
as one-minute or even shorter, one may find the stochastic models difficult to well capture 
the drastic fluctuations of the flows because the probabilities and realizations of the 
transient flow states are almost impossible to measure. 
 
An alternate way to look at such complex traffic dynamics is to apply the chaos theory by 
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making use of its intrinsic determinism through state space reconstruction. If one believes 
that the similar traffic patterns from day to day are governed by some intrinsically 
deterministic rules, then one could successfully predict the future states of flow 
trajectories based on the previous states without any priori knowledge of probabilities or 
realizations (e.g., Lan, et al. 2003b, 2004b). At least for the short-term (such as 
one-minute) traffic flow dynamics, it is reasonable to presume that such chaotic models 
might work better than stochastic models in depicting and capturing the drastic flow 
fluctuations. Some recent studies have utilized chaos theory to describe the traffic flow 
phenomena. For instance, Disbro and Frame (1989), Dendrinos (1994), Zhang and Jarrett 
(1998) and Lan, et al. (2003a, 2004a) found that the short-term traffic flows had nonlinear 
chaotic phenomena. Addison and Low (1996, 1998) found that some specific parameter 
values of GM car-following models existed in chaos dynamics. 
 
It has been argued that testing for chaos is more artistic than scientific and that no recipe 
will guarantee success for every case (Sprott, 2003). Thus, it is challenging to develop 
effective identification procedures to diagnose the chaotic phenomena in a nonlinear 
traffic time series system. Whether there exist chaotic or stochastic phenomena in the 
nature of short-term traffic dynamics is still not generally clear. Only demonstrated with 
enough evidence can we utilize chaos theory to elucidate the traffic dynamics and to 
further apply it for various purposes, such as incident detection for non-recurrent 
congestion and traffic control for recurrent congestion. 
 
This paper aims to develop a parsimony procedure to identify if chaotic phenomena exist 
in a traffic flow dynamics. A wide-ranging comparison of geometric plots and statistics 
between the observed traffic data and their surrogates are carried out. The most crucial 
indexes will be selected to establish the parsimony testing procedure. Some known time 
series data generators are used to validate the proposed procedure, which is then further 
applied to identify the chaotic phenomena of real traffic. The remaining parts are 
organized as follows. Section 2 summarizes the promising geometric plots and statistics 
for distinguishing chaos from other dynamical systems. In section 3, a comprehensive 
study is carried out using the field one-minute flow time series data. Section 4 selects the 
most crucial indexes to develop and validate the parsimony procedure. Section 5 further 
employs the validated parsimony procedure to investigate the chaotic phenomena of other 
field traffic data. Section 6 summarizes the conclusions and suggests future extensions. 
 
 
2. GEOMETRIC PLOTS AND STATISTICS 
 
Chaos can be identified by the following basic characteristics: aperiodic motions, 
sensitive dependence on initial conditions, order within disorder, and dynamic actions of 
strange attractor (Sprott, 2003). Chaos theory has proven that random input is not the only 
source of irregular outputs for a nonlinear system. A chaotic time series, which appears 
stochastic, is in effect governed by deterministic rules. However, it is difficult to make 
distinction between stochasticity and chaoticity because both have very similar 
irregularity. To demonstrate this feature, we deliberately generate two time series data as 
follows: the Henon-type time series (2000 iterates) generated by eq. (1) and the Gaussian 
white noise time series generated by eq. (2). 
 
Xn+1=1-1.4Xn

2+Yn; Yn=0.3Xn                                              (1) 
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The above Henon time series data with parameters given in eq. (1) has been proven as 
deterministic chaotic systems (Henon, 1976); while the Gaussian white noise given in eq. 
(2) has been proven as a random system (Press, et al. 1992). For the one-dimensional 
(trace) plots, x(t) versus t, we notice that Henon chaotic time series (Figure 1(a)) is almost 
indistinguishable from a Gaussian white noise (Figure 1(b)). Namely, it is almost 
impossible to distinguish, by visualized method, between a chaotic system and a 
stochastic system because both have very similar irregularity. However, if we reconstruct 
both time series in higher dimensional state spaces, we would see the difference. For 
instance, Figure 2 presents the corresponding two-dimensional plots, x(t) versus x(t-n), 
where n is the appropriate delay time; and Figure 3 shows the three-dimensional plots, x(t) 
versus x(t-n) versus x(t-2n). Notice that both chaotic systems have shown discernible 
structures (Figures 2(a) and 3(a)), in which the trajectories are governed by intrinsically 
deterministic rules. In contrast, the random system does not reveal any structure at all, 
which plots just fill up the entire plane in a two-dimensional space (Figure 2(b)) and look 
like a “fuzzy ball” in a three-dimensional space (Figure 3(b)). These illustrations provide 
important evidence that a very simple deterministic time series, which is essentially a 
chaotic system, can reveal very irregular trace similar to a stochastic system. 
 
The above illustrations have suggested that it is easy to incorrectly think a random system 
as chaos or a chaotic system as random by only judging their one-dimensional plots. 
Therefore, we must attempt other powerful indexes that could make more distinction. We 
already know that the simplest determinism of chaotic time series has each value 
dependent solely on its immediate predecessor; thus, through the reconstruction of the 
state space, some of its geometric plots might reveal very unique patterns, which could be 
served for distinction purposes. The two- and three-dimensional state space plots in 
Figures 2 and 3 are good examples of such geometric plots. 
 
Other known geometric plots in nonlinear systems literature include return maps, 
phase-space plots, Poincare maps, iterated function systems (IFS) clumpiness maps, 
autocorrelation function plots, probability distributions, and power spectra. The known 
statistics include the largest Lyapunov exponent, Kolmogorov entropy, Hurst exponent, 
relative complexity, capacity dimension, embedding dimension, correlation dimension, 
and delay time. Since the definitions and properties of these geometric plots and statistics 
are well documented in the literature (for instance, Henon, 1976; Brock, 1986; Brock, et 
al. 1991; Press, et al. 1992; Brock, et al. 1996; Gencay, 1996; Sprott, 2003), we would 
not repeat them in this paper. 
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(a) Henon              (b) White noise 
Figure 1. One-dimensional state-space plots for two known time series 

Sources: Henon (1976) and Press, et al. (1992) 
 

     

(a) Henon                (b) White noise 
Figure 2. Two-dimensional state-space plots for two known time series 

Sources: Henon (1976) and Press, et al. (1992) 
 

   

(a) Henon               (b) White noise 
Figure 3. Three-dimensional state-space plots for two known time series 

Sources: Henon (1976) and Press, et al. (1992) 
 
 
3. EMPIRICAL STUDY 
 
3.1 The original and surrogate data 
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Our empirical one-minute traffic flow time series data are directly drawn from 16 selected 
detector stations of the United States I-35 Freeway in Minneapolis, Minnesota. Averages 
of the lane-specific flow counts are accumulated over one-minute period for ten 
workdays’ morning peak hours from 6 am to 9 am each day. Note that 20 samples are 
missing on the last day at some stations, thus a total of 1,780 minute-flow samples at each 
station are used. The average lane-flow rates for these 16 stations range from 16.8 (a 
moderate flow) to 33.8 vehicles per minute (a near capacity flow). 
 
As pointed out by Sprott (2003), a stochastic system with a non-uniform power spectrum 
can masquerade for chaos. Therefore, we must test our conclusions about whether an 
original time series is chaotic by further applying the test to the surrogate data, which are 
designed to mimic the statistical properties of the original data, but with the determinism 
removed. The surrogate data are generated by randomly shuffling the original data. The 
shuffling can be done quickly by stepping through the time series, swapping each values 
with one chosen randomly from anywhere in the series. On average, each point being 
moved twice will essentially guarantee randomness. This method does require keeping 
the whole time series in memory. While shuffling the sequences will preserve the same 
probability distribution as the original data, the surrogates do not preserve the same power 
spectrum and correlation function (Theiler, et al. 1992). In other words, the surrogates of 
any chaotic time series would become random. Therefore, a comparative analysis of 
original and surrogate data is essentially useful to distinguish chaos from randomness. 
 
To generate the surrogate time series with the same power spectrum as the original time 
series, we directly apply Davis’ (1986) method to find the power spectrum mS  in eq. (3), 
in which G(k) in eq. (4) is the autocorrelation function; K is the maximum of k, which 
usually appears to be about N/4. nX  is the original time series data. Then the surrogate 
time series nY  with the same Fourier amplitudes but with random phases can be 
constructed by eq. (5). This paper uses eq. (5) to produce a surrogate (random) time series 
with any desired power spectrum mS  such as 1/

α

f  noise where mS =
α

)/( mN  and 
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where mr  are N/2 uniform random numbers chosen from 10 <≤ mr . N is the number of 
data. The surrogate data for the 16 stations are generated by the above equations. Eight of 
which are used for developing the parsimony procedure and the remaining eight stations 
are reserved for further applications. 
 
3.2 The Chaotic Evidence 
 
By visualizing all the geometric plots for the eight detection stations, we find that some 
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plots have not displayed apparent difference between the original and surrogate data, but 
some others have noticeable distinction. Since the details of geometric plots for the eight 
stations are tediously long, the paper only demonstrates the details at station 50, in which 
the average lane-flow is 25.6 vehicles per minute. The one-dimensional graph of data in 
Figure 4(a) verifies the integrity of the original time series, which ranges reasonably 
within a bounded interval [0, 35] vehicles per minute per lane (i.e., the lane capacity is 
nearly 2,200 vehicles per hour), suggesting that there are no outrageously silly mistakes, 
formatting errors, or missing points of the observed traffic data. However, we notice that 
the flow rates in the seventh day are systematically lower than those in the other days. It 
could be due to bad weather (e.g., rainy) or a long-duration incident (e.g., road 
construction work) that day. The graph of data in Figure 4(b) presents almost complete 
randomness, showing that the surrogate data has been well randomized and reveals no 
deterministic structure at all. The trajectories of surrogate time series in Figures 5(b) and 
6(b) scatter a bit more uniformly in the plane or sphere than the original time series in 
Figures 5(a) and 6(a), implying that the original data are not as random as the surrogate 
data. However, these two- and three-dimensional graphs of data do not differ significantly. 
The return map in Figure 7(a) appears a little more than that in Figure 7(b) in the form of 
a strange attractor (fractal structure, an evidence of chaos); however, both Figures 7(a) 
and 7(b) do not reveal noticeable dissimilarity either. The phase-space plots of the 
original data in Figures 8(a) and 9(a) do not differ significantly from the surrogate data in 
Figures 8(b) and 9(b) either. The Poincare maps in Figures 10(a) and 11(a) show the 
repeated stretching and folding of the trajectories, indicating that the data is likely chaotic. 
Figures 10(b) and 11(b) do not reveal such property but their Poincare sections are not 
significantly different from the original data. In sum, the geometric plots from Figures 5 
through 11 do not differ conspicuously between the original and surrogate data; thus, 
these plots would not be considered as good indexes for developing the parsimony 
procedure in this study. 
  
Theoretically, the IFS clumpiness map is a good indicator of determinism. If the data is 
white noise, it should fill the screen uniformly; if it is not, it should exhibit obvious 
localized clumps. The IFS clumpiness map in Figure 12(a) presents localized clumps, 
strongly inferring that the original data is not white noise. In contrast, the IFS clumpiness 
map in Figure 12(b) fills up the screen uniformly, firmly indicating that the surrogate data 
is random. The same probability distribution for both original and surrogate data in 
Figures 13(a) and 13(b) confirms that the distribution of surrogate time series has been 
preserved even though we have removed the determinism from the original data. Also 
note that the probability distribution does not form a simple histogram with sharp edges, 
strongly implying that the traffic flow dynamics is neither periodic nor quasi-periodic. 
Figure 14(a) visibly shows that the correlation function plot does not drop abruptly to 
zero as Figure 14(b) does, strongly indicating that the original data is not random but the 
surrogate data is. Figure 15(a) shows that the data gives rise to broad spectra without few 
dominant peaks, also clearly indicating that the original time series is neither periodic nor 
quasi-periodic. In contrast, the copious sharp peaks in Figure 15(b) provide strong 
evidence of randomness for the surrogates. In sum, except for Figures 13(a) and 14(b) 
that are supposed to be the same, the geometric plots in Figures 12 through 15 are 
apparently dissimilar between the original and surrogate data; thus, these plots could be 
considered as potential good indexes for analyzing the chaotic structure. 
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(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 4. One-dimensional state-space plots for one-minute traffic flow time series  

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 5. Two-dimensional state-space plots for one-minute traffic flow time series  

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 6 Three-dimensional state-space plots for one-minute traffic flow time series  
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(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 7. Return maps for one-minute traffic flow time series 

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 8. Two-dimensional phase-space plots for one-minute traffic flow time series 

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 9. Three-dimensional phase-space plots for one-minute traffic flow time series 

 

Journal of the Eastern Asia Society for Transportation Studies, Vol. 6, pp. 1518 - 1533, 2005

1525



       

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 10. Two-dimensional Poincare’ maps for one-minute traffic flow time series 

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 11. Three-dimensional Poincare’ maps for one-minute traffic flow time series 

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 12. IFS clumpiness maps for one-minute traffic flow time series 
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(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 13. Probability distributions for one-minute traffic flow time series 

 

      

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 14. Correlation function plots for one-minute traffic flow time series 

 

     

(a) Original data (station 50)   (b) Surrogate data (station 50) 
Figure 15. Power spectra for one-minute traffic flow time series 

 
We further calculate all the aforementioned statistics and the results are reported in Table 
1. The largest Lyapunov exponents (LE) for both original and surrogate data are positive, 
definitely ruling out the time series a periodic or fixed point. The indexes such as 
embedding dimension (ED), capacity dimension (CAD) and correlation dimension (COD) 
of the original data are somewhat smaller than those of the surrogate data, implying that 
the original data are less random than the surrogates. A lower dimensionality of these 
indexes often suggests the data non-random. The original time series has smaller 
Kolmogorov entropy (KE) than the surrogates, implying that the original data are less 
disorder than the surrogates. Except for the largest Lyapunov exponent that is the most 
crucial index for ruling out a time series being fixed points (LE<0) or periodic (LE=0), all 
these statistics in effect do not differ largely between the original data and the surrogates, 
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thus will not be considered as good indexes for analyzing the chaotic structure in this 
study. 
 
Very small delay time (DT) values for the surrogates and large DT values for the original 
data strongly suggest that the surrogates are random but the original data are not. Since 
DT is a proxy of correlation function plot, this statistics has reached the same conclusion 
as shown in Figure 14. Hurst exponent (HE) different from 0.5 indicates that the traffic 
flow dynamics at each station are not random. Note that HE equal to zero for the 
surrogates in fact represents a pink noise, not a white noise (Sprott, 2003), but it is close 
to randomness -- the white noise (HE = –0.5). The relative complexity (LZC) is equal to 
1.0 for the surrogates, indicating that the time series is completely randomized (has the 
highest complexity). However, all the original data also have rather large LZC values 
(0.6~0.8), indicating that the minute-flow dynamics at each station are very oscillatory. 
Based on the above comprehensive comparisons of the geometric plots and statistics 
between the original and surrogate data, we have strong evidence that the morning 
freeway one-minute flow dynamics for the eight stations in US I-35 freeway are not fixed 
points, periodic, quasi-periodic or random. 
 

Table 1 Statistics for the one-minute flow time series for US I-35 Freeway 

Sta. 
no. 

Average 
lane flow 
(veh per 

min) 

Traffic data Delay time 
 (DT) 

Embedding 
dimension

 (ED) 

Correlation 
dimension
 (COD)

Largest 
Lyapunov 
exponent

(LE) 

Kolmogorov 
entropy 
 (KE) 

Hurst 
exponent

 (HE) 

Relative 
complexity 

 (LZC) 

Capacity 
dimension
 (CAD)

original 12.1 3.0 3.2 0.7 0.2 0.2 0.8 2.4 
49 21.9 

surrogate 0.7 4.0 3.9 0.5 0.3 0.0 1.0 3.6 

original 12.4 3.0 3.2 0.7 0.2 0.2 0.8 2.5 
48 23.9 

surrogate 0.6 4.0 3.9 0.6 0.4 0.0 1.0 3.5 

original 13.9 3.0 3.2 0.7 0.4 0.2 0.7 2.5 
50 25.6 

surrogate 0.6 5.0 4.5 0.5 0.4 0.0 1.0 4.1 

original 11.0 3.0 3.2 0.7 0.2 0.1 0.8 2.0 
39 27.8 

surrogate 0.6 4.0 3.9 0.4 0.4 0.0 1.0 2.9 

original 11.9 4.0 3.9 0.4 0.3 0.1 0.8 2.5 
42 31.9 

surrogate 0.6 5.0 4.6 0.3 0.5 0.0 1.0 3.3 

original 14.0 3.0 3.2 1.1 0.3 0.2 0.7 2.4 
51 32.5 

surrogate 0.6 6.0 5.0 0.5 0.7 0.0 1.0 4.1 

original 16.1 4.0 3.8 0.4 0.5 0.3 0.7 2.9 
54 32.8 

surrogate 0.6 4.0 3.9 0.6 0.4 0.0 1.0 3.6 

original 16.2 4.0 3.8 0.4 0.3 0.3 0.7 3.0 
55 33.8 

surrogate 0.6 4.0 3.9 0.6 0.5 0.0 1.0 4.2 

 
 
4. DEVELOPMENT OF PARSIMONY PROCEDURE 
 
4.1 The Parsimony Procedure 
 
We aim to establish a “parsimony” procedure by including as few indexes (geometric 
plots or statistics) as possible in testing the nonlinear structures of traffic dynamics. Only 
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the most crucial or significant indexes found in the above analysis are selected. Figure 16 
depicts the parsimony testing procedure, which is briefly narrated as follows: 
 
Step 1. Examine the largest Lyapunov exponent (LE) for the original data 
If the LE is negative, the time series will converge toward a stable sink (or called 
equilibrium fixed points in chaos literature, see for instance Alligood, et al. 2000). If the 
LE is zero, the time series is periodic in the sense that the trajectories will converge to a 
period-k sink (k is greater or equal to 2). If the LE is positive, the time series can be 
quasi-periodic, chaotic or stochastic, then we go to step 2. 
 
Step 2. Examine the power spectrum of the original data 
If the power spectrum is narrow and has only few (two or three) dominant sharp peaks, it 
must be quasi-periodic. In case that it is a broadband spectrum, it can be chaotic or 
stochastic, then we go further to step 3. 
 
Step 3. Compare the IFS clumpiness between the original and surrogate data 
If the IFS clumpiness map of the original data visually differs from the surrogates, then 
we have evidences (but not proof) that the time series is not stochastic (Smith 1992). In 
this case, we can probably say that the original time series exhibits chaotic structures. 
 
In sum, the first step can rule out the time series fixed points or periodic. The second step 
further rules out the possibility of quasi-periodic data. The final step is to make 
distinction between chaoticity and stochasticity once we already know that they are not 
fixed points, periodic, or quasi-periodic. 
 

Original data

Periodic Fixed pointLargest Lyapunov
exponent (LE)

Power spectrum
Quasi-periodic

IFS clumpiness
significantly different
between original and

surrogate data?

Stochastic

Chaotic

> 0

< 0= 0

spectrum with a few
dominant peaks

broadband
spectrum

Surrogate date
no

yes

 

Figure 16. The proposed parsimony procedure 
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4.2 Validation 
 
To validate how this parsimony procedure works, we utilize five proven time series data 
generators: FIX.DAT is fixed-point time series generated by eq. (6). SINE.DAT is 
periodic time series generated by eq. (7). TWOSINE.DAT is quasi-periodic time series 
generated by eq. (8). RANDOM.DAT is stochastic time series generated by eq. (9). 
HENON.DAT is chaotic time series generated by eq. (1). We produce 2,000 iterates for 
each of the five time series generators by using the chaos data analyzer (Sprott and 
Rowlands, 1995) and then examine the largest Lyapunov exponents in the first step, look 
for the power spectra in the second step and compare the IFS clumpiness between original 
and surrogate data in the final step. 
 
Xn=constant                                                           (6) 
 
Sin(t/10)                                                              (7) 
where t is an integer value from 0 to 1999. 
 
Sin(t/2)+Cos(gt/2)                                                      (8) 
where t is an integer value from 0 to 1999, g= 2/)15( − . 
 

21 2sinln2 rrX π−=                                                    (9) 
 
Table 2 reports the largest Lyapunov exponents of these five known generators. As what 
are anticipated, the first step has successfully identified the FIX.DAT (LE<0) as an 
equilibrium fixed-point time series and SINE.DAT (LE=0) as a periodic time series. 
Therefore, the second step further examines the power spectra for the remaining three 
time series data as presented in Figure 17. We find that only TWOSINE.DAT (Figure 17 
(a)) has spectrum with few dominant peaks, which are strong evidence for quasi-periodic, 
consistent with the underlying theory. The two time series RANDOM.DAT and 
HENON.DAT have broadband spectra, indicating that they are not quasi-periodic. 
 

Table 2 Largest Lyapunov exponents for five known time series generators 
Time series generator Known property Largest Lyapunov exponent (LE) 

FIX.DAT Fixed point -0.1 
SINE.DAT Periodic 0.0 
TWOSINE.DAT Quasi-periodic 0.5 
RANDOM.DAT Stochastic 0.7 
HENON.DAT Chaotic 0.6 

 

      

(a) TWOSINE.DAT      (b) RANDOM.DAT    (c) HENON.DAT 
Figure 17. Power spectra for known time series generators 
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Finally, the third step is to distinguish chaoticity from stochasticity for the remaining two 
time series by comparing their IFS clumpiness maps between the original and surrogate 
data. We find that the original data of RANDOM.DAT (Figure 18(a)) uniformly fills up 
its space of representation without localized clumps, which looks very similar to the 
surrogate data (known with randomness property) also filling the entire space without 
localized clumps (Figure 18 (b)). Namely, the third step works satisfactorily for 
convincing RANDOM.DAT being stochasticity. In contrast, the original data (Figure 
18(c)) exhibited with some localized clumps obviously differ from the surrogate data 
points (Figure 18(d)) uniformly filled in its space of representation, supporting that 
HENON.DAT is chaotic data. In sum, all the five known time series generators have 
successfully validated our proposed parsimony procedure. 

 

    

(a) Original RANDOM.DAT   (b) Surrogate RANDOM.DAT 
 

    

(c) Original HENON.DAT   (d) Surrogate HENON.DAT 
Figure 18. IFS clumpiness maps for known time series generators 

 
 
5. MORE EVIDENCE 
 
We employ the validated parsimony procedure to diagnose the same freeway whether 
chaotic structures also exhibit at the remaining eight stations. Table 3 reports the positive 
LE values for all stations, which rule out the traffic dynamics to be fixed points or 
periodic in the first step. The power spectra are all broadband, which rule out the flow 
time series to be quasi-periodic in the second step. Figure 19 illustrates the power 
spectrum and Figure 20 demonstrates the IFS maps for one of the eight stations (station 
32). The IFS maps for the eight stations all reveal apparent differences between the 
original and surrogate data, which further rule out the flow time series data to be 
stochastic in the third step. As a consequence, we may conclude (not prove) that all the 
one-minute flow dynamics for the remaining stations also exhibit chaotic phenomena. 

Journal of the Eastern Asia Society for Transportation Studies, Vol. 6, pp. 1518 - 1533, 2005

1531



Table 3 Largest Lyapunov exponents for US I-35 Freeway (8 stations) 
Station no. Average lane-flow 

(veh./min) 
Largest Lyapunov exponent (LE) 

32 16.8 0.6 
45 23.7 0.7 
44 24.8 0.7 
43 28.9 0.7 
41 29.9 0.7 
52 31.9 0.3 
53 32.5 0.4 
56 33.2 0.4 

 

     
 
           

 
 

 
 
6. CONCLUDING REMARKS 
 
The contribution of this paper is to propose a three-step parsimony procedure to test if 
chaotic phenomena exhibit in the nature of a short-term traffic time series. The parsimony 
procedure has been validated by some proven time series generators. We have found 
strong evidence indicating that the filed traffic flow dynamics in the morning hours 
exhibit chaotic structures at the 16 stations of the United States I-35 Freeway.  
 
The practical applications of this study are manifold. For instance, one can take 
advantages of the good features of intrinsic determinism of chaos to construct prediction 
models for traffic time series. It is a prerequisite for developing the advanced traffic 
management and information systems. In addition, some of the chaotic features may serve 
as useful indexes for diagnosis of abnormality of traffic caused by incidents. Moreover, 
one may look for the edges of chaos, as traffic flows gradually increase, to determine the 
optimal traffic control for signalized intersections or the optimal metering rate for 
freeway on-ramps. 
 
In order to have more general and robust conclusions, traffic data from different roadways 
(including surface roads) require further exploration. Moreover, traffic data from other 
periods covering very low (e.g., midnight) to moderate (e.g., off-peak hours) flows also 
deserve further investigation. Finally, the one-minute flow data can be converted to 
longer-term flow dynamics (e.g., five-minute, ten-minute, etc.). It is interesting to identify 
if the same flows still exhibit chaotic structures in longer-term dynamics. 
 

 

(a) Original data (b) Surrogate data Figure 19 Power spectrum 
at station 32 for one-minute 
traffic flow time series 

Figure 20 IFS clumpiness maps at station 32 
for one-minute traffic flow time series 

Journal of the Eastern Asia Society for Transportation Studies, Vol. 6, pp. 1518 - 1533, 2005

1532



ACKNOWLEDGEMENTS 
 
The authors wish to thank C. J. Lan for providing the tested data. The research was 
sponsored by National Science Council, ROC (NSC-92-2211-E-009-058). 
 
 

REFERENCES 
 
Addison, P. S. and Low, D. J. (1996) Order and chaos in the dynamics of vehicle platoons. 

Traffic Engineering and Control July/August, 456-459. 
Addison, P. S. and Low, D. J. (1998) A novel nonlinear car-following model. Chaos 8(4), 

791-799. 
Brock, W. A. (1986) Distinguishing random and deterministic systems. Journal of 

Economic Theory 40(1), 168-195. 
Brock, W. A., Hsieh, D. A. and Lebaron, B. (1991) Nonlinear Dynamics, Chaos, and 

Instability: Statistical Theory and Economic Evidence. MIT press, Cambridge, MA. 
Brock, W. A., Dechert, W. D., Scheinkman, J. A. and Lebaron, B. (1996) A test for 

independence based on the correlation dimension. Econometric Reviews 15, 197-325. 
Davis, J. C. (1986) Statistics and Data Analysis in Geology. 2nd ed., Wiley, New York. 
Disbro, J. E. and Frame, M. (1989) Traffic flow theory and chaotic behavior. 

Transportation Research Record 1225, 109-115. 
Dendrinos, D. S. (1994) Traffic-flow dynamics: a search for chaos. Chaos, Solitons & 

Fractals 4(4), 605-617. 
Gencay, R. (1996) A statistical framework for testing chaotic dynamics via Lyapunov 

exponents. Physica D 89, 261-266. 
Henon, M. (1976) A two-dimensional mapping with a strange attractor. Communication 

in Mathematical Physics 50, 69-77. 
Lan, L. W., Lin, F. Y. and Kuo, A. Y. (2003a) Testing and prediction of traffic flow 

dynamics with chaos. Journal of the Eastern Asia Society for Transportation 
Studies 5, 1975-1990. 

Lan, L. W., Lin, F. Y. and Kuo, A. Y. (2003b) Chaotic forecasting with confined space 
fuzzy neighborhoods’ difference (CSFND) approach: case of short-term traffic forecast. 
Journal of the Chinese Institute of Civil and Hydraulic Engineering 15(3), 
589-603. 

Lan, L. W., Lin, F. Y. and Huang, Y. S. (2004a) Some evidences of chaotic phenomena in 
short-term traffic flow dynamics: surrogate data approach. Proceedings of the 9th 
Conference of Hong Kong Society for Transportation Studies, December 11. 

Lan, L. W., Lin, F. Y. and Huang, Y. S. (2004b) Confined space fuzzy proportion (CSFP) 
model for short-term traffic flow prediction. Proceedings of the 9th Conference of 
Hong Kong Society for Transportation Studies, December 11. 

Press, W. H., Flannery, B. P., Teukolsky, S. A. and Vetterling,W. T. (1992) Numerical 
Recipes: The Art of Scientific Computing. 2nd ed., Cambridge Press. 

Sprott, J. C. and Rowlands, G. (1995) Chaos Data Analyzer. Department of Physics, 
University of Warwick Coventry, England. 

Sprott, J. C. (2003) Chaos and Time-Series Analysis. Oxford University Press, New 
York. 

Theiler, J., Eubank, S., Longtin, A., Galdrikian, B. and Farmer, J. D. (1992) Testing for 
nonlinearity in time series: the method of surrogate data. Physica D 58, 77-94. 

Zhang, X. and Jarrett, D. F. (1998) Chaos in a dynamic model of traffic flows in an 
origin-destination network. Chaos 8(2), 503-513. 

Journal of the Eastern Asia Society for Transportation Studies, Vol. 6, pp. 1518 - 1533, 2005

1533


